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ABSTRACT 

of s o l i d  f u e l  and l i q u i d  o x i d  

In  t h i s  system, t h e  l i q u i d  ox 

t h e  s o l i d  f u e l ,  it subsequent 

f u e l  c a v i t y .  

t h e  s o l i d  f u e l  

t h e  cont inuous 

n i t i a l  

which m 

combust 

A computational method has been developed t o  study t h e  t r a n s i e n t  

phenomena o f  r e a c t i v e  f l u i d  f lows i n  a hybr id  rocke t  system c o n s i s t i n g  

zer undergoing heterogeneous combustion. 

d i z e r  i s  i n j e c t e d  i n t o  t h e  center  c a v i t y  o f  

t h e  

ze 

susta i n 

y vapor izes and f lows a x i a l l y  through 

g n i t i o n  prov ides t h e  heat necessary t o  vapor 

xes w i t h  t h e  gaseous o x i d i z e r  and i g n i t e s  t o  

on. 

The species, momentum and energy conservat ion equations for t h e  gas 

phase have been der ived f o r  a t r a n s i e n t ,  two-dimensional, t u r b u l e n t  flow 

o f  an N-component gas mix tu re  w i t h  chemical react ions.  

i n  t h e  s o l i d  phase i s  t h e  t r a n s i e n t ,  two-dimensional, heat conduct ion 

equat ion w i t h  no heat source o r  s ink.  

between t h e  s o l i d  and t h e  gas phases i s  assumed i n  t h e  d e r i v a t i o n  o f  

boundary equat ions a t  t h e  in te r face .  A c y l i n d r i c a l  co-ord inate system 

i s  used throughout t h e  d e r i v a t i o n  o f  a l l  governing equations. 

The governing equat ion 

Heat and mass t r a n s f e r  coup l ing  

The appropr ia te  f i n i t e - d i f f e r e n c e  schemes of second order  accuracy 

have been se lected f o r  t h e  numerical s o l u t i o n  o f  these highly-coupled, 

second-order, non- l inear,  p a r t i a l  d i f f e r e n t i a l  equations. An i m p l i c i t  

tax-Wendroff scheme for t h e  gas phase equations, an i m p l i c i t  Crank- 

Nico lson scheme f o r  t h e  t r a n s i e n t  heat conduct ion equ&tion, and, a tirne- 

independent f i n i t e - d i f f e r e n c e  scheme for t h e  boundary equat ions have been 

employed i n  d e r i v i n g  t h e  d i f f e r e n c e  equat ions for  computer programming. 

i i i  
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I n  o rder  t o  ga in  i n s i g h t  i n t o  t h e  numerical problem involved, a d d i t i o n a l  

assumptions have been made as fo l lows:  

constant  t u r b u l e n t  values f o r  v i s c o s i t y ,  thermal c o n d u c t i v i t y  and d i f f u s i o n  

c o e f f i c i e n t ;  ( c )  a one-step o v e r a l l  i r r e v e r s i b l e  react ion,  e.g., f u e l  + 

o x i d i z e r  -+ product; and (d )  constant  r a t e  o f  mass a d d i t i o n  from f u e l  

(a )  constant  f l u i d  p roper t ies ;  ( b )  

s u r f  ace. 

For a s 

and aluminum 

mple case w i t h  aluminum as t h e  fue 

ox ide as the  product, numerical ca 

, oxygen as t h e  o x i d i z e r  

c u l a t i o n s  have been per- 

formed w i t h  The f o l l o w i n g  necessary i n i t i a l ,  boundary and physical  con- 

d i t i o n s :  

(a )  Flow o f  t h e  gaseous o x i d i z e r  i s  accelerated t o  a g iven i n i t i a l  

v e l o c i t y  w 

( b )  The i n i t i a  

when i g n i t  

(c )  I n l e t  cond 

s o l i d  f u e l  

t h  mass a d d i t i o n  from t h e  s o l i d  f u e l  surface. 

temperature p r o f i l e  corresponds t o  t h e  c o n d i t i o n s  

on has j u s t  been completed. 

t i o n s  and temperature a t  t h e  e x t e r i o r  surface o f  t h e  

a r e  constant.  

(d )  The a x i a l  component o f  v e l o c i t y  i s  assumed t o  be zero a t  t h e  

i n t e r f a c e  and t h e  r a d i a l  component o f  v e l o c i t y  i s  requi red t o  

be zero a t  t h e  center  l i n e .  

(e )  A favorable downstream pressure grad ien t  i s  imposed. 

( f )  The Reynolds number has a value corresponding t o  t h e  reg ion  f o r  

t u r b u l e n t  f low.  

The t r a n s i e n t  s o l u t i o n s  obtained 

i n i t i a l  t o  steady-state c o n d i t i o n s  wh 

phenomena i n  heterogeneous combustion 

i n d i c a t e  a smooth t r a n s i t i o n  from 

ch a i  lows a study o f  t h e  t r a n s i e n  

processes. A t  any a x i a l  p o s i t i o n  
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t h e  temperature corresponding t o  t h e  r e a c t i o n  zone 

and, as t h e  r e l a t i v e l y  c o l d  oxygen supply from t h e  

n i t i a l  l y  increases, 

n l e t  a r r i v e s ,  t h e  

temperature decreases u n t i l  t h e  steady-state c o n d i t i o n  i s  reached. As 

expected, where t h e r e  i s  chemical react ion,  aluminum ox ide  i s  produced, 

and, aluminum and oxygen a r e  depleted. The temperature changes i n  t h e  

r e a c t i o n  zone have a s t rong in f luence on t h e  r a t e  o f  product ion o f  aluminum 

oxide. 

The steady-state r e s u l t s  i n d i c a t e  a sharp temperature peak near t h e  

t h e  magnitude o f  t h e  a x i a l  v e l o c i t y  g r a d i e n t  

n good q u a l i t a t i v e  agreement w i t h  a v a i l a b l e  

f u e l  sur face and a decrease i n  

a t  t h e  f u e l  sur face which a r e  

exper imenta I steady-state data 
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CHAPTER I 

INTRODUCTION 

Although t h e  concept o f  heterogeneous combustion has been t h e  concern 

o f  i n d u s t r i a l  and f i r e  research f o r  some time, it has o n l y  r e c e n t l y  become 

a sub jec t  o f  general i n t e r e s t  i n  t h e  aerospace indust ry .  Recent r e c o g n i t i o n  

o f  t h e  p o t e n t i a l  advantage o f  hybr id  rocke t  systems over the  convent ional  

s o l i d - p r o p e l l a n t  o r  l i q u i d - p r o p e l l a n t  rocke t  systems, t h e  problem o f  

a b l a t i o n  dur ing  re -en t ry  o f  space vehic le ,  etc., c a l l  f o r  f o r  more re-  

search e f f o r t s ,  both t h e o r e t i c a l l y  and exper imental ly,  i n  t h e  area o f  

heterogeneous combustion. T h i s  work i s  concerned mainly w i t h  t h e  t h e o r e t i c a l  

aspect o f  heterogeneous combustion as app l ied  t o  hybr id  rocke t  systems. 

An ideal  ized hybr id  rocke t  system can be sketched schematical l y  a s  

shown i n  F igure 1 . 1 .  The l i q u i d  o x i d i z e r  i s  in jec ted  i n t o  t h e  center  

c a v i t y  o f  t h e  sol i d  f u e l .  I t  i s  assumed t o  be completely vaporized and 

f lows a x i a l  i y  through 

t h e  gas phase combust 

necessary t o  vapor ize 

The actual  r e a c t  

complex. Th is  s i t u a t  

t h e  center  core  o f  t h e  s o l i d  f u e l .  A f t e r  i g n i t i o n ,  

on o f  t h e  f u e l  and o x i d i z e r  provides t h e  heat 

more f u e l  and sus ta in  t h e  cont inuous combustion. 

on t a k i n g  p lace ins ide  t h e  rocket  system i s  q u i t e  

on i s  character ized by t r a n s i e n t  behavior, v a r i a b l e  

f l u i d  and t r a n s p o r t  proper t ies,  simultaneous heat and mass t r a n s f e r ,  

coupled r a d i a t i v e  and convect ive e f f e c t s ,  a receding f u e l  surface, 

complicated chemical k i n e t i c s  and turbulence. 

I n  t h e  i n t e r i o r - b a l l i s t i c  design o f  such a rocke t  system, it i s  per- 

t i n e n t  t o  r e q u i r e  a p r e d i c t i o n  o f  t h e  r a t e  o f  f u e l  consumption as a 

I 
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Liquid Oxidizer T S o I  id Fuel 

\ 

Figure I .  I "Ideal ized" Hybrid Rocket System 
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f u n c t i o n  o f  a x i a l  p o s i t i o n  and t h e  r a t e  o f  o x i d i z e r  i n j e c t i o n .  Hence, 

e a r l y  a n a l y t i c a l  e f f o r t  was centered p r i m a r i l y  on t h e  development o f  

regress ion r a t e  equat ions which were expressed i n  terms o f  known thermo- 

dynamic or  thermochemical parameters. A survey o f  publ ished l i t e r a t u r e  

i nd i ca tes  t h a t  prev ious analyses o f  hyb r id  rocke t  systems a re  l i m i t e d  

t o  t h e  "chemical equ i l i b r i um"  f l ow  i n  a steady, laminar o r  t u r b u l e n t  

boundary layer  w i t h  heat and mass t r a n s f e r ,  and, constant  f l u i d  and 

t r a n s p o r t  p roper t i es .  I t  i s  apparent t h a t  t h e r e  i s  a lack  o f  under- 

s tanding o f  t h e  non-equi l ibr ium aspect o f  t h e  problem. 

The c u r r e n t  a n a l y s i s  adopts an o v e r a l l  approach w i t h  a view t o  

ga in ing  a bas ic  understanding o f  t h e  fundamental processes involved i n  

equat ions i s  

involved has 

mat ica l  mode 

computa t iona 

cond i t ions .  

hyb r id  rocke t  systems. Mathematical fo rmula t ion  o f  t h e  governing 

equat ions t o  descr ibe t h e  phys ica l  system has been c a r r i e d  o u t  i n  

most genera I fash ion poss i b l  e. Numer ica I so I u t  ion o f  these govern 

sought. Mathematical modeling o f  t h e  phys ica l  mechan 

been performed f o r  a s imple case. More soph is t i ca ted  

he 

ng 

sms 

m a t  he- 

s w i l l  be incorporated one a t  a t ime  u n t i l  even tua l l y  a 

method i s  developed which s imulates rea l  i s t i c  experimental 

The development of high.speed d i g i t a l  computers has made it poss ib le  

t o  at tempt  a numerical s o l u t i o n  o f  a number of  phys ica l  problems t h a t  have 

no closed-form a n a l y t i c a l  so lu t ions .  Over t h e  years, a number o f  numerical 

schemes o f  h igher  accuracy have been developed t o  cope w i t h  t h e  demand. 

Numerical s o l u t i o n s  of a wide v a r i e t y  o f  p rev ious l y  unsolved problems i n  

t h e  f i e l d  o f  engineer ing and the  sciences have been reported. However, 
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c u r r e n t l y ,  t h e  maximum storage a v a i l a b l e  i n  any o f  t h e  e x i s t i n g  computers 

i s  s t i l l  i n s u f f i c i e n t  t o  handle any t rans ien t ,  three-dimensional problem. 

on must be Also, t h e  computational t ime requ i red  fo r  a numerical s o l u t  

kept w i t h i n  reasonable l i m i t  from t h e  economic view p o i n t .  

With these l i m i t a t i o n s  i n  mind, t h e  mathematical formu 

c a r r i e d  o u t  w i t h i n  t h e  framework 

The main s i m p l i f y i n g  assumptions 

o x i d i z e r  over  f u e l  w i t h  n e g l i g i b  

o f  a t r a n s i e n t ,  

a r e  as  fo l l ows :  

e turbulence i n  

r a d i a t i v e  e f f e c t s ;  and ( c )  non-receding fue l  sur  

a t i o n  i s  

two-d imensiona I problem. 

(a )  t u r b u l e n t  f l o w  o f  

ens i ty ;  (b )  n e g l i g i b l e  

ace. 

coord inate system i s  used throughout for  t h e  d e r i v a t i o n  

equations. 

The species c o n t i n u i t y ,  momentum, and energy equat 

he cy1 i n d r i c a l  

o f  a1 I governing 

ons f o r  t h e  gas 

phase have been der ived  for  a t rans ien t ,  two-dimensional, t u r b u l e n t  f l ow  

o f  an N-component gas m ix tu re  w i t h  chem.ical reac t ions .  The governing 

equat ion i n  t h e  s o l i d  phase i s  t h e  t r a n s i e n t ,  two-dimensional, heat 

conduct ion equat ion w i t h  no heat source o r  s ink.  Heat and mass t r a n s f e r  

coup l i ng  between t h e  s o l i d  and gas phase i s  assumed i n  t h e  d e r i v a t i o n  o f  

boundary equations a t  t h e  i n te r face .  

The approp r ia te  f i n i t e - d i f f e r e n c e  schemes o f  second-order accuracy 

have been selected f o r  t h e  numerical s o l u t i o n  o f  these highly-coupled, 

second-order, non-l inear, p a r t i a l  d i f f e r e n t i a l  equations. An imp1 i c i t  

Lax-Wendroff scheme for  t h e  gas phase equations, an imp1 i c i t  Crank-Nicolson 

scheme fo r  t h e  t r a n s i e n t  heat conduct ion equation, and a time-independent 

f i n i t e - d i f f e r e n c e  scheme fo r  t h e  boundary equat ions have been employed i n  

d e r i v i n g  t h e  d i f f e r e n c e  equat ions for  computer programming. 
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flow. 

ca I cu 

fue l ,  

Numerical checkout o f  these d i f f e r e n c e  equat ions has been performed. 

Since these d i f f e r e n c e  equations a r e  highly-coupled, t h e  incorpora t ion  

o f  both a conservat ive r e l a x a t i o n  procedure and an acce le ra t ing  convergence 

procedure (A i tken 's  62-method) has been found necessary. 

reduc t ion  o f  roundoff  e r r o r s  has been achieved and t h e  proper convergence 

c r  i t e r  i a  have been esta b I i shed. 

S i g n i f i c a n t  

I n  o rder  t o  c a r r y  o u t  a numerical s o l u t i o n  o f  these d i f f e r e n c e  equations, 

a d d i t i o n a l  methematical models have been formulated t o  descr ibe t h e  physical  

mechanisms involved. The assumptions made are  as fo l lows:  ( a )  constant  

f l u i d  and t r a n s p o r t  p r o p e r t i e s  by us ing equ iva len t  t u r b u l e n t  values for  

v i s c o s i t y ,  c o n d u c t i v i t y  and d i f f u s i o n  c o e f f i c i e n t ;  ( b )  one-step overa l  I 

i r r e v e r s i b l e  chemical react ion,  e.g., o x i d i z e r  + f u e l  + products; ( c )  

constant  r a t e  of mass a d d i t i o n  from t h e  f u e l  surface. In  add i t ion ,  t h e  

physical  parameters and t h e  proper ty  values a r e  chosen such t h a t  the  

Reynolds number has a value corresponding t o  t h e  reg ion  f o r  t u r b u l e n t  

With t h e  necessary i n i t i a l  and boundary condi t ions,  numerical 

a t i o n s  have been performed f o r  a simple case w i t h  aluminum as t h e  

oxygen as t h e  o x i d i z e r  and aluminum ox ide  as the  product. 

t ime increment has been determined e m p i r i c a l l y  t o  be i n  The c r i t i c a  

t h e  range o f  3 - 

t h a t  t h e  i n i t i a l  

6 microseconds. The f i r s t  computed r e s u l t s  ind ica ted  

y i g n i t e d  flame had been blown o u t  by t h e  r e l a t i v e l y  

c o l d  oxygen from t h e  i n l e t .  With mod i f ied  values f o r  t h e  r e a c t i o n  orders, 

t h e  newly computed r e s u l t s  show t h a t  a sus ta in ing  f lame i s  indeed poss ib le .  

The sus ta in ing  f lame i s  i n  a reg ion very c l o s e  t o  t h e  fue l  surface. Also, 

mass a d d i t i o n  and combustion cause a decrease i n  t h e  magnitude o f  t h e  
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axial vclocity gradient at -the fuel surface. These phenomena are in good 

qualitdtive agreement with available steady-state experimental data. 

With more sophisticated models to describe the physical mechanisms involved, 

it is believed that such a computational method can be used to simulate 

realistic experimental conditions. 



CHAPTER I I 

SURVEY OF PREV IOUS ANALYSIS 

A search f o r  publ ished l i t e r a t u r e  on t h e  heterogeneous combustion 

o f  h y b r i d  rocke t  systems has been conducted. The models used i n  t h e  

prev ious a n a l y s i s  a r e  c l a s s i f i e d  and presented here. Previous analyses 

which a r e  considered t o  be c h a r a c t e r i s t i c s  o f  hybr id  rocke t  systems a r e  

d i scussed. 

A. Previous A n a l v t i c a l  Models 

The a n a l y t i c a l  models used by previous workers i n  t h e i r  a n a l y s i s  

o f  hybr id  rocke t  systems can be c l a s s i f i e d  i n t o  t h e  f o l  lowing t h r e e  

categor ies:  tube combustion model, f i l m  combustion model and t u r b u l e n t  

boundary layer  model. A d e s c r i p t i o n  o f  these models i s  f e l t  necessary t o  

a l l o w  t h e  reader t o  g e t  acquainted w i t h  t h e  problem and t o  apprec iate t h e  

c u r r e n t  a n a l y t i c a l  e f f o r t .  

I .  Tube Combustion Model 

s t r u c t u r e  o f  

o o f  oxygen 

Bar te l  and Rannie ( 1 )  considered a model f o r  a slow-burning f u e l .  

I n  t h e i r  model sketched i n  F igure 1 1 . 1 ,  t h e  s o l i d  f u e l  i s  i n  t h e  form 

o f  a tube through which passes a one-dimensional, t u r b u l e n t  f low o f  a i r  

e n t e r i n g  a t  b u l k  v e l o c i t y ,  v densi ty ,  p and t o t a l  temperature, 

The d i f f u s i o n  o f  oxygen through t h e  gas f i l m  t o  t h e  f u e l  sur face was 

assumed t o  be t h e  ra te -cont ro l  I ing f a c t o r .  

T t o  0’ 0’ 

Sto ich iomet r ic  r e a c t i o n  was 

t h e  f lame 

n t h e  gas 

assumed but  no assumption as t o  t h e  l o c a t i o n  o r  

was made. Instead, it was assumed t h a t  t h e  r a t  

7 
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0 z 
p v = p v  

0 0  

Figure  1 1 . 1  Tube Combustion Model o f  Bar te I  & Rannie 



9 

a t  any a x i a l  pos i t i on ,  z, t o  t h e  en te r ing  oxygen concent ra t ion  i s  a f u n c t i o n  

o f  t h e  t o t a l  temperature a t  t h a t  a x i a l  pos i t i on .  Using t h e  convent ional  

p ipe- f low expression f o r  t h e  f r i c t i o n  c o e f f i c i e n t ,  Bar te I  and Rannie 

obta ined an expression f o r  t h e  t o t a l  burning r a t e  o f  f u e l .  I t  was repor ted 

t h a t  t h i s  expression co r re la ted  wel l  w i t h  experimental data on carbon f u e l .  

Penner (2 )  a l s o  considered a model i n  t h e  form o f  a ho l low c y l i n d e r  

o f  f ue l  burn ing i n t e r n a l l y  as oxygen f lows through it. Again, a d i f f u s i o n -  

c o n t r o l l e d  burning r a t e  was assumed. Using t h e  Burke-Schumann approxima- 

t i o n  f o r  laminar flow, Penner der ived a closed-form s o l u t i o n  f o r  t h e  oxygen 

d i s t r i b u t i o n  as  a f u n c t i o n  o f  r a d i a l  and a x i a l  p o s i t i o n  i n  t h e  core  reg ion  

o f  t h e  tube. The f lame was assumed t o  be i n f i n i t e s i m a l  i n  th ickness  and 

a r b i t r a r i l y  located a t  t he  edge o f  t h e  laminar boundary layer .  The mass 

burn ing r a t e  o f  f : ie l  was computed by assuming no fue l  f l ow  i n  the  a x i a l  

d i r e c t i o n .  A f it o f  Penner's s o l u t i o n  t o  experimental data on t h e  com- 

bus t ion  o f  P lex ig lass  tubes i n  oxygen was repor ted by Peck ( 3 ) .  

Fineman (4)  considered both laminar and t u r b u l e n t  f lows i n  a tube 

us ing Spald ing 's  expression f o r  mass t r a n s f e r  i n  t h e  "stagnant f i l m "  

approximat ion (5) .  The "f i I m "  th ickness  was a r b i t r a r i  l y  i d e n t i f i e d  w i t h  

t h e  th ickness  o f  t h e  boundary layer  i n  t h e  tube entrance f o r  t h e  turbulence 

case. Mass t r a n s f e r  e f f e c t s  upon t h e  boundary layer  th ickness  and upon 

f l o w  i n  t h e  core  were neglected. 

r e s u l t s  compared reasonably we1 I w i t h  t h e  experimental data o f  Peck and 

Lodwig ( 6 )  on P lex ig lass  burning i n  oxygen. 

I t  was repor ted t h a t  t he  ca l cu la ted  

Using t h e  Chi l ton-Colburn m o d i f i c a t i o n  o f  t h e  Reynolds analogy 

between mass and momentum t rans fe r ,  Green ( 7 )  showed t h a t  t h e  r e s u l t  
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der ived by Bar te l  and Rannie ( 1 )  can be genera l ized by using Spalding's 

mass t r a n s f e r  number t o  p r e d i c t  average f u e l  burn ing r a t e  f o r  a slow- 

burn ing system wi thout  any adjustment of  empi r i ca l  constants.  The der ived 

expression agreed w i t h  experimental data repor ted by Houser (8 )  and i s  

recommended f o r  use i n  p re l im inary  design o f  hybr id  rocke t  systems. 

Smoot and P r i c e  ( 9 )  extended t h e  Colburn analogy approach t o  d e r i v e  

a regress ion r a t e  equat ion i n c l u d i n g  t h e  e f f e c t s  of condensed species a t  t h e  

w a l l .  Numerical eva lua t ions  o f  s i x  thermodynamic and t r a n s p o r t  parameters 

a r e  requ i red  t o  p r e d i c t  t h e  loca l  regress ion r a t e .  Theory was compared 

w i t h  experimental data on regress ion r a t e s  f o r  non-metalized and metal ized 

hybr id  f u e l  systems ( I O ,  1 1 ) .  Good agreement was reported f o r  low o x i d i z e r  

f low ra te ,  but, t h e  model could no t  account f o r  t h e  observed pressure 

dependence a t  h igh  o x i d i z e r  f l o w  rates.  

2. F i l m  Combustion Model 

Analyses o f  t h e  combustion of  l i q u i d  f u e l  have been developed by 

Spalding ( 5 ,  12) and was f i r s t  adapted by Emmons (13) t o  t h e  f u e l  drop 

problem. Mor te t  and Barrere (14) employed Ernmon's model f o r  t h e  h y b r i d  

problem. The f i l m  combustion model o f  Emmons i s  sketched as shown i n  F igure 

11.2. F i n i t e  r a t e  r e a o t i o n  o f  f u e l  and o x i d i z e r  was assumed i n  a laminar 

flame zone o f  f i n i t e  th ickness. Both t h e  Prandt l  number and t h e  Lewis 

number were assumed u n i t y  f o r  t h i s  laminar boundary-layer f l o w  model. The 

equat ions for  conservat ion o f  energy, momentum and species were c a s t  i n t o  

a s i m i l a r  Blasius-type form. Both an exact  numerical s o l u t i o n  and an 

approximate s o l u t i o n  were given. 
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work by Spalding and Emmons and obta 

composit ion p r o f i l e s  i n  t h e  boundary 

i n  t h e  flame and a t  t h e  f u e l  sur face 

By assuming chemical r e a c t i o n  occurs i n  an i n f i n i t e s i m a l l y  t h i n  

flame, i.e., w i t h  i n f i n i t e  chemical r e a c t i o n  rate,  Toong (15) extended t h e  

ned t h e  v e l o c i t y ,  temperature and 

layer  along w i t h  combustion r a t e s  

Th is  model was used l a t e r  by Toong 

(16) t o  study t h e  interact ionmechanism between two p a r a l l e l  f u e l  p la tes .  

The same approach was extended by Chen and Toong (17)  t o  study t h e  

steady, laminar, boundary layer  f l o w  o f  an o x i d i z e r  over a two-dimensional 

wedge w i t h  mass t r a n s f e r  and combustion w i t h  an i n f i n i t e s i m a l l y  t h i n  

flame. The e f f e c t s  o f  t h e  pressure grad ien t  on s k i n  f r i c t i o n ,  boundary 

layer  separat ion and r a t e s  o f  evaporat ion and combustion were examined and 

discussed. 

3. Turbulent Boundary Layer Model 

Marxman and G i l b e r t  (18) idea l i zed  t h e  h y b r i d  combustion problem by 

consider ing t u r b u l e n t  boundary l a y e r  flow over a f l a t  p la te .  The t u r b u l e n t  

d i f f u s i o n  flame f r o n t  was assumed t o  be a sur face o f  i n f i n i t e s i m a l  t h i c k -  

ness, t h e  p o s i t  on o f  which w i t h i n  t h e  boundary layer  was c r i t i c a l  i n  

determining t h e  burning r a t e .  Fol lowing t h e  approach taken by Lees (19) 

i n  e a r l i e r  t u r b u l e n t  boundary layer  heat t r a n s f e r  studies, an expression 

f o r  t h e  mass burning r a t e  was der ived. 

process q u i t e  wel l  f o r  a slow-burning Plexiglas-oxygen system according t o  

Schl ie ren  and shadowgraph photos taken by Muzzy (201. 

Th is  model represented t h e  actual  

U t i l i z i n g  t h e  i n t e g r a l  technique o f  boundary layer  theory, Marxman, 

Wooldridge and Muzzy (21)  made a flame he igh t  a n a l y s i s  based on t h e  model 

o f  Marxman and G i l b e r t  (18) and developed a s i m p l i f i e d  equat ion f o r  t h e  
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mass burning ra te .  The t r a n s i e n t  behavior caused by thermal lag  i n  t h e  

s o l i d  f u e l  was discussed and an approximate expression f o r  t h e  t r a n s i e n t  

burning r a t e  of f u e l  was der ived. T h e o r e t i c a l l y  ca lcu la ted  f lame p o s i t i o n s  

and mass burning r a t e s  of f u e l  f o r  f l o w  over  a f l a t  p l a t e  were compared 

w i t h  measurements from a Plexiglas-oxygen s lab burner. The regress ion 

r a t e  equat ion as app l ied  t o  a cy1 

w i t h  r e s u l t s  from a tube burner. 

By assuming t h a t  t h e  chemica 

loca l  d i f f u s i o n  ra te ,  Marxman (22  

n d r i c a l  tube was der ived and compared 

Good agreement was found i n  both cases. 

r e a c t i o n  r a t e  i s  much grea ter  than t h e  

proposed a th in - f lame model as shown 

i n  F igure 11.3. Any chemical r e a c t i o n  was assumed t o  be conf ined t o  a 

th in- f lame zone i n  t h e  t u r b u l e n t  boundary layer .  For t h e  case o f  d i f f u s i o n -  

l i m i t e d  combustion, t h e  gas-phase mass, momentum and energy conservat ion 

equat ions f o r  t h e  steady, t u r b u  I ent, boundary I ayer f low prob I em were 

solved w i t h  t h e  mass f l u x  from t h e  sol i d  f u e l  surface, (pvIw, serv ing as 

a boundary cond i t ion .  The general ized Reynolds analogy was assumed t o  be 

v a l i d .  Experimental v e r i f i c a t i o n  of t h e  above assumptions were repor ted 

by Wooidridge and Muzzy ( 2 3 ) .  A computer program f o r  i n t e r n a l  b a l l i s t i c  

design o f  hybr id  rockets  has been developed based on t h i s  th in - f lame model 

(24 - 26) .  

t h e  c a p a b i l i t i e s  and l i m i t a t i o n s  o f  t h e  th in- f lame model were discussed 

(27). 

Through comparisons w i t h  data on t h e  Plexiglas-oxygen system, 

B. Special Topics 

Previous a n a l y t i c a l  t reatment  o f  h y b r i d  rocke t  systems has been centered 

p r i m a r i l y  on t h e  development o f  regress ion r a t e  equations. L imi ted  work 

have been done t o  study t h e  basic mechanisms involved i n  such systems. 
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Gas Phase 

Gas Phase 
React ion 

. .  . 
\ I \ \ \ \ \ \ \ \ \  

I React ions 
I 

Sol i d  I/ Phase 

0 
T 

F igure  11.3 T h i n  Flame Model o f  Marxman 



The e f f e c t s  due t o  r a d i a t i v e  heat t r a n s f e r ,  v a r i a b l e  f l u i d  p roper t  

chemical k i n e t i c s  and t r a n s i e n t  behavior have been recognized as b 

important. A n a l y t i c a l  work being done i n  these areas i s  discussed. 

developed by Marxman, Wooldridge and Muzzy (21). The r a d i a  

v e c t i v e  heat - t rans fer  mechanisms a r e  found t o  be coupled. 

f lame theory, t h i s  modi f ied regress ion r a t e  equat ion can be 

I .  Radiat ive Heat Transfer  

Finernan ( 4 )  was t h e  f i r s t  t o  recognize t h e  importance o f  r a d i a t i v e  

heat t r a n s f e r  e f f e c t s  i n  hybr id  rocke t  systems. A modi f ied regress ion 

r a t e  equat ion t o  account f o r  r a d i a t i v e  heat t r a n s f e r  e f f e c t s  has been 

i v e  and con- 

n t h e  t h i n -  

used as one 

ions t o  account f o r  r a d i a t i v e  e f f e c t s .  Assuming a 

d e s c r i p t i o n  appl ies, a p r a c t i c a l  method t o  incorporate 

he a n a l y s i s  has been o u t l i n e d  (24, 25). The r a d i a t i v e  

has received some a t t e n t i o n ,  however, o n l y  a 

beginning towards an adequate d e s c r i p t i o n  has been accomplished. 

of t h e  boundary condi 

gray-body e q u i l i b r i u m  

r a d i a t i v e  e f f e c t s  i n  

heat t r a n s f e r  problem 

2. Var iab le  F l u i d  Proper t ies  

A co-ord inate t rans format ion  r e l a t e d  t o  t h e  analogous Howarth-Dorodnitsyn 

t rans format ion  f o r  laminar boundary layers  has been adopted by Marxman ( 2 2 )  

t o  r e l a t e  t h e  var iab le-proper ty  l a y e r  t o  an equ iva len t  incompressible 

t u r b u l e n t  boundary layer .  Such a d-ransformation enables a d e s c r i p t i o n  o f  

t h e  gross f l o w  fea tures  through t h e  eva lua t ion  o f  f l u i d  p r o p e r t i e s  a t  some 

reference s t a t e  i n  t h e  boundary layer .  However, development of a semi- 

empi r i ca l  expression for  t h e  reference s t a t e  i s  needed. 
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3. Chemical K i n e t i c s  

The r o l e  of chemical k i n e t i c s  i n  gas-phase combustion, sol id-phase 

degradat ion and heterogeneous r e a c t i o n  a t  t h e  gas-so l id  i n t e r f a c e  a r e  

t o p i c s  o f  - l i m i t e d  understanding. Treatment of t h e  combustion process has 

been l i m i t e d  t o  t h e  d i f f u s i o n - c o n t r o l l e d  concept. Experimental i n v e s t i g a t i o n s  

by Smoot and P r i c e  (IO, 1 1 )  i nd ica ted  t h a t  t h e  d i f f u s i o n - c o n t r o l l e d  concept 

i s  n o t  adequate under c e r t a i n  cond i t ions .  The chemical k i n e t i c s  o f  s o l i d -  

phase degradat ion have been inves t iga ted  by Houser and Peck ( 2 8 )  and by 

Rabinov i tch (29) f o r  t h e  depolymerizat ion process of u n f i l l e d  polymers. 

Some t h e o r e t i c a l  i n v e s t i g a t i o n s  o f  t h e  i n t e r a c t i o n  between gas-phase k i n e t i c s ,  

sol id-phase k i n e t i c s  and regress ion r a t e  have been made r e c e n t l y  by 

Marxma n ( 27 I .  

4. Trans ient  Behavior 

Although t h e  t r a n s i e n t  behavior i s  considered t o  be very important 

i n  h y b r i d  rocke t  systems, t h e  sub jec t  has received l i t t l e  a t t e n t i o n .  

The t r a n s i e n t  phenomena due t o  a sudden change i n  gas-phase heat t r a n s f e r  

t o  t h e  s o l i d  has been t r e a t e d  a n a l y t i c a l l y  (21). A l i m i t e d  experimental 

study o f  combustion i n s t a b i l i t y  has been repor ted (30, 31).  A simple 

a n a l y s i s  of  combustion i n s t a b i l i t y  due to  low-frequency disturbances has 

been made, however, a l l  previous analyses o f  t h e  hybr id  rocke t  system 

have been r e s t r i c t e d  by a quas i-steady s t a t e  assurnpt ion. 



CHAPTER I l l  

MATHEMATICAL FORMULATION 

mode 

then 

s ion 

I n  order  t o  g a i n  a basic understanding o f  t h e  fundamental processes 

involved i n  hybr id  rocke t  system, a r a t h e r  d i f f e r e n t  approach from any 

o f  t h e  prev ious analyses has been chosen. 

s i m p l i f y i n g  assumptions t o  seek a c losed-form so lu t ion ,  t h e  c u r r e n t  

mathematical fo rmula t ion  i s  c a r r i e d  o u t  w i t h  a view t o  take i n t o  account 

any e f f e c t  t h a t  i s  considered t o  be important i n  hybr id  rocke t  systems. 

Such an approach would a l l o w  a study o f  t h e  r e l a t i v e  importance o f  t h e  

var ious  e f f e c t s  i n  quest ion.  Eventual ly,  it i s  t o  be expected t h a t  t h e  

mathematical models can be used t o  s imulate r e a l i s t i c  experimental condi-  

t ions. 

Instead o f  making a l o t  o f  

F i r s t  o f  a l l ,  a model for  t h e  phys ica l  system i s  def ined. Mathematical 

s f o r  t h e  gas phase, t h e  sol i d  phase and t h e  gas-sol i d  i n t e r f a c e  a r e  

formulated. The governing equat ions der ived a r e  expressed i n  dimen- 

ess form. The v a r i a b l e s  t h a t  r e s u l t  from t h e  fo rmula t ion  a r e  c l a s s i f i e d .  

A. Physical Model 

Although present day computers have l a r g e r  storage and h igher  speeds, 

it i s  s t i l l  n o t  p r a c t i c a l  t o  a t tempt  a numerical s o l u t i o n  o f  a t r a n s i e n t ,  

three-dimensional problem by means of computers. Hence, t h e  physical  

system i s  r e s t r i c t e d  t o  a t r a n s i e n t ,  two-dimensional one. The f o l l o w i n g  

assumptions a r e  made f o r  t h e  phys ica l  system: ( a )  A I  I dependent v a r i a b l e s  

a r e  symmetric w i t h  respect  t o  t h e  B-d i rec t ion  i n  c y l i n d r i c a l  co-ordinates, 

i.e., v a r i a t i o n  i n  t h e  0 - d i r e c t i o n  i s  small compared t o  t h a t  i n  t h e  r a d i a l  

17 
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and t h e  a x i a l  d i r e c t i o n s ;  (b )  Non-receding f u e l  surface, i.e., e f f e c t  

due t o  a p h y s i c a l l y  receding fuet  sur face i s  i n s i g n i f i c a n t .  A sketch of t h e  

phys ica l  system used i s  shown i n  F igure  1 1 1 . 1 .  

B. Model f o r  t h e  Gas Phase 

The gas phase i n  a hybr id  r o c k e t  system general 

nonisothermal multicomponent f l u i d  of N chemical spec 

y c o n s i s t s  o f  a 

es. The general 

conservat ion equat ions f o r  a multicomponent r e a c t i n g  gas mix tu re  have been 

der ived by H i r s c h f e l d e r  -- e t .  a l .  ( 3 2 ) .  Fol lowing t h e  approach by Lees ( 3 3 )  

and Chung (34)  i n  fo rmula t ing  t h e  equat ions f o r  t h e  mass, momentum and 

ons f o r  t h e  gas phase has been 

ows : 

energy f luxes,  a s e t  of governing equat 

der ived a f t e r  some manipulat ions as fo l  

Cont i nu i t y  €quat ion : 

I\ A A 

a " z  

Di- a r  r a; 

av V 
- + p C y . + -  D; A r r + - ] = o  

SDecies C o n t i n u i t v  Eauations: 

( I  I I . I )  

i = I, 2, ..., N ( I  I I . 2 )  
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Figure  1 1 1 . 1  Transient, Two-Dimensional, React ive F l u i d  

Flow i n  an " Idea l i zed"  Hybr id Rocket System 



h 

L < >  I < L  

< ZNI< N 
m m  

c? 
< a  
Y 

+ 

20' 

I 



21 

Eauation o f  State:  

where t h e  operator,  --, i s  def ined as f o l  lows: 
D t  

The under ly ing assumption i n  d e r i v i n g  t h i s  s e t  

are' as for lows: 

( a )  Flow o f  N-component gas mix tu re  w i t h  chem 

( b )  I so t rop ic ,  heterogeneous media, 

( I  I I . 6 )  

( I  I I . 7 )  

of governing equat ions 

c a l  r e a c t  ons, 

(c 1 Grav i t y  and externa I fo rces  neg I i g i b I e, 

( d )  

(e )  F o u r i e r ' s  law f o r  heat conduction, 

( f )  System i s  a b inary  mix tu re  so f a r  as d i f f u s i o n  i s  concerned such t h a t  

Newtonian f l u i d  w i t h  n e g l i g i b l e  b u l k  v i s c o s i t y ,  i.e., vB << IJ, 

F i c k ' s  law f o r  d i f f u s i o n  can be appl ied,  

(g )  Negl i g i b l e  v iscous d i s s i p a t i o n ,  r a d i a t i v e  and Dufour e f f e c t s ,  

(h )  Ideal gas mix tu re  such t h a t  enthalpy o f  t h e  gas mix tu re  can be 

def ined as fo l lows:  

( I  I I .8)  

( I  I I . 9 )  
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I t  has been pointed o u t  by B i r d  -- e t .  a t .  ( 3 5 )  t h a t  equations ( 1 1 1 . 1  - 111.2) 

c o n s t i t u t e  o n l y  N independent equations. For t h e  numerical s o l u t i o n  o f  

t h i s  s e t  of equations, it appears to  be more convenient t o  e l i m i n a t e  

equat ion ( 1 1 1 . 1 ) .  Hence, equat ions (111.2 - 111.6) a r e  t h e  (N  + 4 )  independent 

equat ions i n  t h e  gas phase t o  be solved. 

C.  Model f o r  t h e  S o l i d  Phase 

The main concern i n  t h e  s o l i d  phase is t h e  temperature d i s t r i b u t i o n .  

Hence, t h e  governing equat ion i n  t h e  s o l i d  phase i s  t h e  f a m i l i a r  t r a n s i e n t  

heat conduct ion equat ion as fo l lows:  

The r e s t r i c t i o n s  a r e  as fo l lows:  

(a 1 Iso t rop ic ,  heterogeneous med ia, 

( b )  F o u r i e r ' s  law for  heat conduction, 

( c )  No heat source or s ink.  

D. Model a t  t h e  Gas-Solid I n t e r f a c e  

A balance o f  mass and energy i s  assumed a t  t h e  gas-sol i d  i n t e r f a c e  

a t  any i n s t a n t  o f  t ime based on t h e  general conservat ion p r i n c i p l e  as 

f o l  lows: 

Out - I n  = Generated ( I  1 1 . 1  I )  

The der ived governing equations a t  t h e  i n t e r f a c e  a r e  shown as fo l lows:  
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E. C l a s s i f i c a t i o n  o f  Var iab les  

Since t h e  phys ica l  model i s  a t r a n s  

a r e  t h r e e  independent var iab les ,  namely, 

ent, two-dimensional problem, t h e r e  

r, z, and t. 
# . A  A 

The governing equat ions i n  t h e  gas phase c o n s i s t  o f  (N + 4 )  independent 

equations, and, t h e r e  i s  one governing equat ion i n  t h e  s o l i d  phase. Hence, 

a t o t a l  of ( N  + 5 )  dependent v a r i a b l e s  can be solved by t h i s  s e t  o f  
... h A - A  A 

governing equations. 

where i = I ,  2, ..., N. 

The dependent va r iab les  a r e  Vr, Vz, T, T5, p and y i  

The remaining va r iab les  can be expressed e i t h e r  as  func t i ons  o f  t h e  

independent and/or t h e  dependent var iab les ,  or, as constants.  These va r iab les  

a r e  conven ien t ly  c a l l e d  func t i ona l  var iab les .  
A A A  A A 

They a r e  P, p, Di, Wi,  A ,  

I n  normal iz ing t h e  governing equat ions i n t o  dimensionless form, a 

number of dimensionless groups evolved. The va lues f o r  these dimensionless 

groups .depend on t h e  c h a r a c t e r i s t i c  va I ues chosen for the  prob I em. These 

va lues r e l a t e  t h e  r e l a t i v e  importance o f  t h e  var ious  phys ica l  mechanisms 

involved i n  t h e  system. The dimensionless groups a re  shown i n  F igure  111.2. 
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Figure (111.2) Dimensionless Groups 
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CHAPTER I V  

NUMERICAL SCHEMES 

The governing equations der ived i n  Chapter I l l  can be solved numer 

A choice o f  t h e  numerica by t h e  appropr ia te  f i n i t e  d i f f e r e n c e  schemes. 

schemes i s  discussed. The se lected numerical schemes a r e  described. 

c a l  l y  

A. Se lec t ion  of  Schemes 

The governing equat ions i n  t h e  gas phase can behave e i t h e r  as hyperbol ic  

o r  parabo l ic  p a r t i a l  d i f f e r e n t i a l  equat ions depending on whether t h e  f i r s t -  

order  s p a t i a l  d e r i v a t i v e s  o r  t h e  second-order s p a t i a l  d e r i v a t i v e s  a r e  t h e  

dominating terms, respec t ive ly .  For t u r b u l e n t  f low, i.e., Re > 2,000, 

t h e  terms conta in ing  t h e  second-order s p a t i a l  d e r i v a t i v e s  are  small compared 

w i t h  t h a t  of t h e  f i r s t - o r d e r  s p a t i a l  d e r i v a t i v e s .  Hence, it has been decided 

t h a t  equat ions (111.2) through (111.5) a r e  most l i k e l y  t o  behave as f i r s t -  

o rder  hyperbol ic  p a r t i a l  d i f f e r e n t i a l  equations. The Lax-Wendroff centered 

d i f f e r e n c e  scheme o f  second-order accuracy i s  commonly accepted as t h e  

standard f i n i t e  d i f f e r e n c e  scheme f o r  t h e  numerical s o l u t i o n  o f  hyperbol ic  

p a r t i a l  d i f f e r e n t i a l  equations. Hence, t h e  centered d i f f e r e n c e  scheme i s  

used t o  d e r i v e  t h e  d i f f e r e n c e  equat ions f o r  equat ions (111.2 - 111.5). 

Equation (111.10) i s  a p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  equat ion.  The 

Crank-Nicolson scheme i s  t h e  most widely  used f i n i t e  d i f f e r e n c e  scheme f o r  

s o l v i n g  t h i s  type  o f  equation. I t  is,  therefore,  selected i n  d e r i v i n g  

t h e  d i f f e r e n c e  equat ion f o r  equat ion ~111.10) .  

Equations (111.12) and (111.13) do no t  have t ime d e r i v a t i v e  term. I t  

i s  o n l y  requi red t h a t  these equat ions be s a t i s f i e d  a t  any i n s t a n t  of  t ime. 

26 
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Thus, I-he d i f f e r e n c e  equat ions f o r  these equat ions a r e  der ived by us ing 

a time-independent f i n i t e  d i f f e r e n c e  scheme. 

B. Lax-Wendroff Scheme 

The Lax-Wendroff scheme i s  designed f o r  t h e  numerical s o l u t i o n  o f  f i r s t -  

o rder  hyperbo l i c  p a r t i a l  d i f f e r e n t i a l  equations. The f i n i t e  d i f f e r e n c e  

analog f o r  t h i s  scheme i s  centered between t h e  t ime level  and t h e  s p a t i a l  

coordinates.  

discussed byvon Rosenberg ( 3 6 ) .  

The basic nature o f  t h i s  scheme and i t s  appl i c a t i o n s  a r e  

The nomenclature used and t h e  center  about 

which t h i s  numerical analog i s  based a r e  presented schemat ica l ly  i n  F igure 

( l V . 1 ) .  The second-order c o r r e c t  analogs f o r  t h i s  centered d i f f e r e n c e  

scheme have been der ived and are  I i s t e d  as fo l lows:  
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1 1 +  I 
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n -  I n n +  I 

Figure  IV. I Lax-Wendroff Centered D i f f e rence  Scheme 
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C. Crank-Nicol son Scheme 

The Crank-Nicolson scheme i s  genera l l y  used f o r  t h e  numerical s o l u t i o n  

o f  second-order parabol i c  p a r t i a l  d i f f e r e n t i a l  equations. The f i n i t e  

d i f f e r e n c e  analog f o r  t h i s  scheme i s  centered between t h e  t ime level  

and a t  the  p a r t i c u l a r  s p a t i a l  coord inate p o i n t  i n  question. A very 

thorough d iscuss ion of t h i s  scheme and i t s  a p p l i c a t i o n s  can be found i n  

Reference (36). The nomenclature used and t h e  center  about which t h i s  

numerical analog i s  based a r e  presented schematical ly i n  F igure ( IV.2).  

The second-order c o r r e c t  analogs for t h i s  centered d i f f e r e n c e  scheme have 

been der ived and a r e  I i s ted  as fo l lows:  
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Figure  IV.2 Crank-Nicolson Scheme 
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I ) .  D i  f lcrence Scherne f o r  b u n d d r y  Cqu<J tioris 

A t  t h e  in te r face ,  t h e  governing equations invo lve  o n l y  f i r s t - o r d e r  

s p a t i a l  d e r i v a t i v e s  i n  t h e  r a d i a l  d i r e c t i o n .  Since no t ime d e r i v a t i v e  

is involved, a common f i n i t e  d i f f e r e n c e  scheme f o r  o r d i n a r y  d i f f e r e n t i a l  

equat ions i s  s u f f i c i e n t  f o r  t h e  numerical s o l u t i o n  o f  these equat ions.  

A second-order c o r r e c t  analog compat ib le w i t h  those o f  the  Lax-Wendroff and 

Crank-Nicolson schemes i s  chosen t o  approximate t h e  r a d i a l  d e r i v a t i v e  a t  

t h e  in te r face .  The r a d i a l  d e r i v a t i v e  a t  t h e  i n t e r f a c e  i s  approximated 

as fo l lows:  



CHAPTER V 

NUMERICAL ANALYS I S 

The appropr ia te  f i n i t e  d i f f e r e n c e  analogs der ived i n  Chapter IV a r e  

s u b s t i t u t e d  i n t o  t h e  appropr ia te  governing equat ions der ived i n  Chapter 

I I I t o  o b t a i n  a s e t  of I inear independen$ equations. Numerical checkout 

o f  these d i f f e r e n c e  equations has been performed. Since t h e  numerical 

schemes a r e  i m p l i c i t ,  i t e r a t i v e  procedures have t o  be used. These h i g h l y -  

coupled equat ions a r e  very s lowly  convergent i n  nature, therefore,  it 

has been found necessary t o  employ both a r e l a x a t i o n  procedure and an 

accelerated convergence procedure dur ing  i t e r a t i o n s  a t  each t i m e  l e v e l .  

The reduc t ion  of roundof f  e r r o r s  and the  convergence c r i t e r i a  used a r e  

d i scussed. 

A. Numerical Checkout 

When t h e  governing p a r t i a l  d i f f e r e n t i a l  equat ions a r e  replaced by a 

f i n i t e  d i f f e r e n c e  equations, it i s  necessary t o  perform a numerical checkout 

t o  a s c e r t a i n  t h a t  no e r r o r  has been introduced i n  t h e  replacement process. 

The checkout procedure i s  described i n  t h e  f o l  lowing paragraph. 

A value equal to u n i t y  i s  assigned t o  a l l  t h e  var iab les.  Values 

c a l c u l a t e d  by computer a r e  checked aga ins t  independent hand c a l c u l a t i o n s  

f o r  these f i n i t e  d i f f e r e n c e  equations. Any e r r o r  found i s  then corrected.  

A va lue equal t o  zero i s  assigned t o  c e r t a i n  v a r i a b l e s  wh i le  t h e  remaining 

v a r i a b l e s  a r e  s t i l l  u n i t y .  Computer and hand c a l c u l a t i o n s  a r e  performed 

and t h e  necessary c o r r e c t i o n s  a r e  made. Th is  process i s  repeated by 

ass ign ing a va lue equal t o  zero t o  some o f  t h e  v a r i a b l e s  and u n i t y  t o  t h e  

35 
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remaining var iab les .  Through c a r e f u l  p lanning i n  s e l e c t  

o r  u n i t y  f o r  t h e  var iab les,  t h e  process i s  cont inued u n t  

c e r t a i n  t h a t  no e r r o r  remains. 

ng t h e  value zero 

I one i s  reasonab 

A n a l y t i c a l  s o l u t i o n s  f o r  t h e  steady-state, two-dimensional heat con- 

duct ion problem genera l l y  e x i s t .  The t r a n s i e n t  heat conduct ion equat ion 

can be v e r i f i e d  by comparing i t s  steady-state r e s u l t s  w i t h  those from 

an a n a l y t i c a l  s o l u t i o n .  By t h i s  means, t h e  v e r i f i c a t i o n  o f  Equation 

(lI1.10) has been performed and t h e  d e t a i l  i s  included i n  Appendix A. A 

maximum e r r o r  of 2.1% has been ca lcu la ted .  Th is  added more conf dence 

i n  t h e  numerical checkout procedure and t h e  accuracy o f  t h e  rema n ing 

d i f f e r e n c e  equations. 

Y 

8. Re I axa t  ion Procedure 

I t  has been found t h a t  t h e  boundary equat ions tend t o  d iverge  when 

a s t r a i g h t  forward i t e r a t i o n  procedure is used. Hence, a commonly used 

r e l a x a t i o n  procedure i s  incorporated. Bas ica l l y ,  t h i s  r e l a x a t i o n  procedure 

assumes t h a t  t h e  newly guessed value, u 

v a r i a b l e s  i s  l i n e a r l y  dependent on both t h e  prev ious ly  guessed value, u 

and t h e  value c a l c u l a t e d  by t h e  d i f f e r e n c e  equation, f ( u . 1 .  Mathematical ly,  

t h i s  r e l a x a t i o n  procedure can be expressed as fo l lows:  

f o r  any o f  t h e  dependent j+ l  ’ 

j’ 

J 

= EU + ( I  - E l f ( U . 1  
j+l j J 

U ( V . 1 )  

where E i s  any number between zero and u n i t y .  I n  o rder  t o  avoid i n s t a b i l i t y ,  

a very conservat ive va lue for  c should be selected. Thus, a va lue equal 

t o  0.9 has been chosen for E .  
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C. A i t k e n ' s  62-Method 

The A i tken 's  62-method i s  an e x p l i c i t  i t e r a t i o n  procedure f o r  t h e  

i ' t e r a t i v e  s o l u t i o n s  of non- l inear equations. I t  i s  used t o  conver t  any 

convergent sequence (no mat ter  how generated), { u . ] ?  i n t o  a more r a p i d l y  
J 

convergent sequence, {u  ' 3 ,  by us ing t h e  f o l l o w i n g  equation: 
j 

A very d e t a i l e d  d iscuss ion of t h i s  method and t h e  mathematical proof 

a r e  g iven by lsaacson and K e l l e r  ( 3 7 ) .  This  f u n c t i o n a l  i t e r a t i o n  scheme 

can acce le ra te  t h e  convergence by t a k i n g  o n l y  - o f  t h e  i t e r a t i o n s  p r e v i o u s l y  

requ i red  o r  even b e t t e r .  A numerical example t o  demonstrate t h i s  

I 
2 

accelerated convergence procedure i s  g iven by Henr ic i  ( 3 8 ) .  

D. Roundoff E r r o r s  

Roundoff e r r o r s  a r e  i n e v i t a b l e  when computations a r e  c a r r i e d  o u t  by 

computers. An i n t r o d u c t i o n  t o , t h e  a n a l y s i s  o f  roundoff  e r r o r s  involved 

i n  t h e  a r i t h m e t i c  operat ions o f  modern, high-speed computers has been 

g iven by Wi lk inson ( 3 9 ) .  Since four teen s i g n i f i c a n t  f i g u r e s  are  s tored 

f o r  any f l o a t i n g  p o i n t  v a r i a b l e  on t h e  CDC6600 computer, t h e  roundoff  

e r r o r s  due t o  a r i t h m e t i c  operat ions on t h e  CDC6600 computer can genera l l y  

be ignored. However, t h e  s o l u t i o n  o f  t h e  d i f f e r e n c e  equat ions invo lves 

a d d i t i o n s  and subt rac t ions  o f  a very  large number o f  terms which are  

s i g n i f i c a n t l y  d i f f e r e n t  i n  t h e i r  o rder  o f  magnitude. I t  is,  there fore ,  

be l ieved t h a t  roundoff  e r r o r s  may p l a y  an important r o l e  i n  +he numerical 

s o l u t i o n  o f  these d i f f e r e n c e  equations. 
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There i s  no general r u l e  as t o  how a d d i t i o n  and s u b t r a c t i o n  shou d 

be c a r r i e d  o u t  i n  o r d e r  t o  minimize roundoff  e r ro rs .  However, i n t u i t  vely,  

one would expect t h a t  roundoff  e r r o r s  could be minimized i f  a d d i t i o n  and 

s u b t r a c t i o n  were c a r r i e d  o u t  such t h a t  i n  each opera t ion  t h e  r e s u l t i n g  

change were a minimum. Thus, an a n a l y s i s  o f  t h e  order  o f  magnitude o f  

t h e  var ious terms i n  t h e  d i f f e r e n c e  equat ions has been made. Terms o f  

t h e  same order  of magnitude a r e  grouped together .  S t a r t i n g  from t h e  

lowest order  o f  magnitude term, a d d i t i o n  and/or s u b t r a c t i o n  i s  c a r r i e d  

o u t  w i t h  t h e  nex t  h igher  o rder  of magnitude term and so on. 

been found t h a t  such a grouping o f  terms has reduced t h e  roundoff  

e r r o r s  so s i g n i f i c a n t l y  t h a t  t h e  c r i t i c a l  t ime increment i s  improved 

by a t  l e a s t  two orders  o f  magnitude. 

I t  has 

E. Convergence C r i t e r i a  

Convergence c r i t e r i a  a r e  general I y se lected t o  s u i t  t h e  type  o f  

numerical problem t o  be solved. Values for t h e  r a d i a l  v e l o c i t y  component 

and t h e  mass f r a c t i o n  o f  f u e l  a t  c e r t a i n  g r i d  p o i n t s  can be so small 

t h a t  they  are  p r a c t i c a l l y  equal t o  zero. Thus, t h i s  should be taken 

i n t o  account i n  s e l e c t i n g  t h e  convergence c r i t e r i a .  I t  has been decided 

t h a t  t h e  convergence c r i t e r i a  used should r e q u i r e  t h a t  any one o f  t h e  

dependent v a r i a b l e s  a t  any g r i d  p o i n t  s a t i s f y  a c e r t a i n  predetermined 

tolerance, 5, and t h a t  t h e  sum o f  t h e  r e l a t i v e  e r r o r  o f  any one of t h e  

dependent v a r i a b l e s  over  a l l  t h e  g r i d  p o i n t s  be smal ler  than a c e r t a i n  

predetermined value, 0 .  Mathematical ly, t h e  convergence c r i t e r i a  used 

can be expressed as f o l l o w s :  
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I f ( u . 1  - U j J  - < 5 
J 

and, 

I f ( u . )  - U j l  
< - rl-  c U .  

J over a l  I 
g r i d  po in ts  

(V.3) 

(V.4) 



CHAPTER V I  

SOLUTION FOR A SIMPLE CASE 

I n  o rder  t o  g a i n  i n s i g h t  i n t o  t h e  numerical problems and computational 

power involved, it was decided t o  so lve a simple case. A one-step o v e r a l l  

i r r e v e r s i b l e  gas phase r e a c t i o n  i s  assumed, e.g., f u e l  + o x i d i z e r  -+ product, 

such t h a t  t h e  number of chemical species present i n  t,he gas phase i s  a 

minimum, i.e., N = 3. The f u e l  and t h e  o x i d i z e r  a re  selected. Models 

f o r  t h e  proper t ies,  t h e  regress ion r a t e  and t h e  chemical r e a c t i o n  a r e  

formulated. A favorable downstream pressure grad ien t  i s  imposed t o  

correspond t o  a r e a l i s t i c  physical  s i t u a t i o n .  The boundary and i n i t i a l  

c o n d i t i o n s  a r e  def ined. The s e l e c t i o n  o f  thermochemical and +ransport  

p r o p e r t i e s  a r e  discussed and t h e  choice o f  phys ica l  parameters a r e  ou t -  

I ined. 

A. Se lec t ion  of Fuel and Ox id izer  

Li th ium, bery l l ium,  boron and aluminum a r e  t h e  l i g h t  metals whose 

la rge  heats of combustion have made them a t t r a c t i v e  as chemical p r o p e l l a n t s  

t o x i c ,  aluminum 

chemical propel 

used as an addi 

McAlevv e t .  a l .  

can be considered as, p o t e n t i a l l y ,  t h e  

an t  a v a i l a b l e .  I n  prev ious work, alum 

i v e  f u e l  i n  experimental h y b r i d  rocke t  

(43) have se lected t h e  aluminum-oxygen -- 

(40). When these l i g h t  metals r e a c t  w i t h  oxygen, it appears t h a t  o n l y  

b e r y l l i u m  and aluminum form s t a b l e  l i q u i d  oxides. Since b e r y l l i u m  i s  

most des i r a b  I e 

num has been wide 

systems (41, 42).  

system i n  t h e i r  

study of t h e  combustion o f  porous-metal hybr id  rocke t  system. Hence, it 

has been decided t o  s e l e c t  aluminum as t h e  f u e l ,  oxygen as t h e  o x i d i z e r  

40 
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and aluminum ox ide  as t h e  product. 

B. Model f o r  Proper t ies  

The proper t ies ,  n general,  a r e  s t r o n g l y  dependent on temperature. 

For t h e  c u r r e n t  s o l u t  on, however, constant  p r o p e r t i e s  a r e  assumed. 

The under ly ing  assump ions a r e  as f o l l o w s :  

(a 1 Constant t r a n s p o r t  p r o p e r t i e s  by us i ng equ iva  I e n t  tu rbu  I e n t  

va I ues, i .e., 

A 

p = constant, 

0 .  = constant, 
A 

I 
A 

X = constant; 

( b )  Constant f l u i d  proper t ies,  i.e., 

6 = constant, 
P i  

hio = constant, 
A 

= constant; hsg i 

( c )  Constant p r o p e r t i e s  f o r  s o l i d  f u e l ,  i.e., 

A 

p s  = constant, 

A s  = constant, 

C = constant.  

A 

A 

S 

( V I . 1 )  

( V I  .2)  

( V I  . 3 )  

( V I  .4) 

( V I  .5)  

( V I  . 6 )  

( V I  . 7 )  

( V I  .8) 

( V I  .9> 
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t e s t  o u t  t h e  numerical s o l u t i o n  proposed, a simp1 

regress ion r a t e  o f  f u e l  i s  used. While t h e  p o s i t  

i s  assumed t o  be f i xed ,  t o  be cons is ten t  w i t h  t h e  

C. Model f o r  t h e  Regression Rate o f  Fuel 

The regress ion r a t e  o f  f u e l  has been t h e  main concern i n  prev ious 

analyses of hybr id  r o c k e t  systems. Since t h e  c u r r e n t  o b j e c f i v e  i s  t o  

for  t h e  

f u e l  surface 

ng fue l  sur- 

o f  fue l  from 

t h e  fue4 sur face i s  assumed. Phys ica l l y ,  t h i s  corresponds t o  t h e  case 

where mass o f  f u e l  i s  added t o  t h e  f l o w  stream through a porous w a l l .  

f ied mode 

on of t h e  

no n-reced 

face assumption made f o r  t h e  phys ica l  system, mass a d d i t i o n  

I t  i s  f u r t h e r  assumed t h a t  t h e  r a t e  o f  mass a d d i t i o n  from the  f u e l  sur face 

i s  a constant,  i.e., 

,. 
r = constant.  ( V I .  IO) 

A study o f  t h e  e f f e c t  due t o  a v a r i a b l e  r a t e  o f  mass a d d i t i o n  from t h e  

f u e l  sur face i s  proposed i n  Chapter I X .  

D. Model f o r  Chemical Reaction 

A semi-empirical approach has been adopted t o  descr ibe t h e  f i n i t e -  

are des- r a t e  chemical r e a c t i o n  i n  t h e  gas 

c r i b e d  as fo l lows:  

( I  1 The gas-phase chemical r e a c t  

phase. The assumptions made 

on can be represented by a s ngle 

o v e r a l l  i r r e v e r s i b l e  chemical reac t ion ,  such as, f u e l  + o x i d i z e r  -+ 

product. According t o  Wilson (441, t h e  gas-phase chemical r e a c t i o n  

f o r  aluminum-oxygen system i s  as fo l lows:  
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3 2AI + 7 02  -t 

( 2 )  When t h e  fue  - o x i d i z e r  r a t i o  i s  w i t h i n  t h e  f lammabi I i t y  I imi ts ,  

t h e  r a t e  o f  product ion o f  species f o r  t h i s  o v e r a l l  r e a c t i o n  i s  

c a l c u l n t e d  i n  t h e  same manner as f o r  an elementary chemical r e a c t i o n  

a s  fo l lows:  

' wo ' 

( V I .  12) 

where v and v I' a r e  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t s  for species, i ,  

appearing as a reac tan t  and as a product r e s p e c t i v e l y .  Species 

which a r e  no t  reac tan ts  w i l l  have v ' = 0, wh i le  those which do no t  

i i 

i 

appear as products have v " = 0.  i 

( 3 )  The s p e c i f i c  reac t ion- ra te  c o e f f i c i e n t  o r  r a t e  constant  i s  est imated 

f r o m  c o l l i s i o n  theory.  For b imolecular  react ion,  t h e  r a t e  constant, 

k, can be estimated as f o l  lows (45 ) :  

( V I .  13) 

where S i s  t h e  s t e r i c  f a c t o r ,  o12 i s  t h e  average diameter o f  c o l l i d i n g  

species and E i s  t h e  a c t i v a t i o n  energy. 

E. Imposed Pressure Gradient 

The s t a t i c  pressure over  t h e  e n t i r e  f l o w  f i e l d  has t o  be s p e c i f i e d  

t o  correspond t o  a r e a l i s t i c  phys ica l  s i t u a t i o n  so t h a t  a unique numerical 

s o l u t i o n  can be obtained. Jones and lsaacson (46) have found exper imenta l ly  
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t h a t  both mass i n j e c t  ion and combust ion increase t h e  ax ia  I pressure grad ien t .  

I t  is ,  therefore,  necessary t o  o b t a i n  t r a n s i e n t  s t a t i c  pressure data i n  

o rder  t h a t  t h e  numerical s o l u t i o n  can be r e a l i s t i c .  Since such experimental 

data a r e  no t  ava i lab le ,  t h e  c u r r e n t  s o l u t i o n  imposes a constant  favorable 

downstream pressure grad ien t  equal t o  t h a t  used by Jones and lsaacson 

(46)  i n  t h e i r  a n a l y s i s  so t h a t  q u a l i t a t i v e  comparison o f  r e s u l t s  can be 

made. 

F. I n  it ia  I and Boundary Cond it ions 

The assumptions a r e  as fo l lows:  

( a )  Flow o f  t h e  gaseous o x i d i z e r  i s  accelerated t o  a given i n i t i a l  v e l o c i t y  

w i t h  mass a d d i t i o n  from t h e  sol  i d  f u e l  surface; 

(b )  The i n i t i a l  a x i a l  component o f  v e l o c i t y  d i s t r i b u t i o n  i s  based on t h e  

I 
7 (-)-power law f o r  t u r b u l e n t  f low, i.e., 

( V I .  14) 

(c 1 The i n  it i a  I temperature pro f  i I e corresponds t o  t h e  cond it ions when 

i g n i t i o n  has j u s t  been completed., 

I n l e t  c o n d i t i o n s  and temperatures a t  t h e  boundary sur face o f  t h e  sol i d  

f u e l  a r e  constant;  

( d )  

(e )  The a x i a l  component o f  v e l o c i t y  i s  zero a t  t h e  i n t e r f a c e  and t h e  

r a d i a l  component o f  v e l o c i t y  i s  requ i red  t o  be zero a t  t h e  center  l i n e  

G. Se lec t ion  o f  Thermochemical and Transport  Proper t ies  

Since t h e  c u r r e n t  models f o r  p r o p e r t i e s  a r e  too  crude t o  represent  
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t h e  ac tua l  physical  s i t u a t i o n ,  no emphasis has been placed on t h e  accuracy 

o f  t h e  values chosen f o r  the  proper t ies .  

i s  not  d i r e c t l y  ava i lab le ,  i t s  va lue i s  est imated. 

Whenever the  value for  a p roper ty  

The v i s c o s i t y  of t h e  gas m i x t u r e  due t o  molecular t r a n s p o r t  can be 

est imated by f o l l o w i n g  one o f  t h e  methods o u t l i n e d  by B i r d  e t .  a l .  (35) 

t o  be 0.00004 Ibm/sec/ f t .  

estab l ished t u r b u l e n t  f low through a p ipe  has been measured exper imenta l ly  

by Rothfus e t .  a l .  (47). An average va lue f o r  t h e  eddy v i s c o s i t y  across 

a p ipe  i s  est imated t o  be approximately 20 t imes t h a t  due t o  molecular 

t ranspor t .  

Assuming t h a t  the  t u r b u l e n t  t r a n s p o r t s  o f  mass, momentum and energy a r e  

s i m i l a r  and equal, t h e  b inary  d i f f u s i o n  c o e f f i c i e n t  and t h e  thermal 

c o n d u c t i v i t y  a r e  chosen such t h a t  Sc = I and Pr = I ,  respec t ive ly .  Hence, 

these se lected values a r e  D = 0.00592 f t 2 / s e c  and h = 1.2 B t ~ / h r / f t / ~ R .  

-- 
The eddy v i s c o s i t y  d i s t r i b u t i o n  o f  a f u l l y  

-- 

Hence, a va lue equal t o  0.0008 Ibm/sec / f t  i s  selected f o r  u .  

i 

The se lected thermophysical p r o p e r t i e s  f o r  aluminum, oxygen, and 

aluminum ox ide  a r e  tabulated as shown i n  Table ( V l . 1 ) .  These data a r e  

obta ined e i t h e r  d i r e c t l y  o r  by es t imat ion  from references (48) through 

(52).  

From reference (521, t h e  values f o r  aluminum i n  t h e  s o l i d  phase a r e  

se lected as f o l  lows: 

= 168.5 I b m / f t 3 ,  
pS 

= 122.0 Btu/hr/ft/OR, 

( V I  ,151 

( V I .  16) 

( V I .  17) Cs = 0.221 Btu/lbm/OR. 



Table ( V I  . I  1 Selected Thermophysical P roper t i es  f o r  Aluminum, 

Oxygen and Aluminum Oxide 

I 

M, I bm/mo I e 26.98 (48) 

C Btu/Ibm 0.26 (49)  

ho, t3tu/lbm 0 

B o i l  ing  po in t ,  O R  4932.3 (52)  

170.0 (52)  hSa, B t u / l b  

h B tu / lbm 4710.0 (52)  

P’ 

m 

Q’ 

32.0 (48) 101.96 (48) 

0.295 (50 ) 0.27 (51)  

0 -7110.0 (52)  

162.34 (48) 6840.0 (52 )  

- 510.0 (52)  

- 2590.0 (52 )  
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Experimental data on t h e  regress ion r a t e s  of var ious  metal ized hybr id  

fue l  systems were reviewed ( I  I ,  24). I t  has been decided t o  choose a 

va lue i n  t h e  order  of 0.01 in/sec f o r  the  regress ion r a t e  of  f u e l  f o r  

cons is tency w i t h  t h e  non-reced ing f u e l  model. The regress ion r a t e  o f  

aluminum i s  se lected a s  

= 0.0008 f t / sec .  ( V I .  18) 

I t  does n o t  appear t h a t  t h e  l i m i t s  o f  f l a m m a b i l i t y  f o r  t h e  gas 

phase aluminum-oxygen r e a c t i o n  have been publ ished i n  t h e  open l i t e r a t u r e .  

The f l a m m a b i l i t y  l i m i t s  f o r  hydrocar-on f u e l s  w i t h a i r  c o l l e c t e d  by Barnet t  

and H i b b a r d  (53) a r e  reviewed. Values o f  0.5 and 3.5 have been a r b i t r a r i l y  

se lected for t h e  lean and r i c h  l i m i t s  o f  f lammabi l i ty ,  expressed as t h e  

f u e l - o x i d i z e r  r a t i o  t o  the  s t o i c h i o m e t r i c  f u e l - o x i d i z e r  r a t i o ,  f o r  t h e  

aluminum-oxygen system respec t ive ly .  

The average diameter of  c o l l i d i n g  species, 012, can be expressed as 

t h e  sum o f  t h e  e f f e c t i v e  r a d i u s  o f  t h e  c o l l i d i n g  aluminum atom and 

oxygen molecule. For aluminum, t h e  e f f e c t i v e  r a d i u s  i s  i t s  atomic 

rad ius.  A value o f  1.43 A i s  g iven  by Bassow (54). For t h e  oxygen 

molecule, t h e  e f f e c t i v e  diameter can be approximated by t h e  c h a r a c t e r i s t i c  

diameter based on t h e  Lennard-Jones p o t e n t i a l  func t ion .  A va lue o f  3.43 A 

0 

0 

i s  g iven  by H i r s c h f i e l d e r  e t .  a l .  ( 3 2 ) .  -- 

a co 

shou 

From t h e  c o l l  

I i d i n g  p a i r  w 

d be a number 

s ion  theory, t h e  s t e r i c  f a c t o r  i s  t h e  probabi l  

I I be o r i e n t e d  favorab ly  f o r  reac t ion .  Hence, 

equal t o  o r  less than u n i t y .  Newhall (55) has 

t y  t h a t  

it 

PO i nted 
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o u t  t h a t  t h e  s t e r i c  f a c t o r  i s  rea l  l y  an empi r i ca l  c o r r e c t i o n  f a c t o r  t o  

f o r c e  t h e  t h e o r e t i c a l  model t o  f i t  t h e  experimental data. Since experimental 

data on aluminum-oxygen gas phase r e a c t i o n  a r e  no t  ava i lab le ,  a va lue 

equal t o  u n i t y  i s  chosen f o r  t h e  s t e r i c  f a c t o r .  

Semi-empirical expressions have been developed by H l rsch fe lder  ( 5 6 )  

for t h e  c a l c u l a t i o n s  o f  a c t i v a t i o n  energies o f  exothermic gas phase 

r e a c t i o n s  of t h e  form a + bc -+ ab + c and ab -I- c d  + ac + bd, The aluminum- 

oxygen gas phase r e a c t i o n  i s  q u i t e  complex. A review o f  t h e  data c o l l e c t e d  

t h e  a c t i v a t i o n  energies f o r  t h e  more 

n t h e  range of 40-60 kcal/g-mole. Thus, 

chosen f o r  t h e  aluminum-oxygen 

i n  re ference ( 5 6 )  

complex gas phase 

a value o f  50 kca 

i nd icated t h a t  

r e a c t  ions a r e  

/g-mole i s  a r b  t r a r i l y  

gas phase reac t ion .  

H. Choice o f  Physical  Parameters 

Although values f o r  physical  parame 

pressure, f l o w  v e l o c i t y ,  etc., can be se 

r e s t r i c t i o n s  should be observed: ( a )  va 

( b )  t h e  Mach number should be small, ( c )  

a va lue corresponding t o  t u r b u l e n t  flow. 

parameters a r e  

e r s  such as chamber radius,  chamber 

ected more f r e e l y ,  t h e  f o l l o w i n g  

ues chosen should be r e a l i s t i c ,  

t h e  Reynolds number should have 

Values selected f o r  t h e  phys ica l  

r = 0.25 f t  
0 

r = 0.2875 f t  e 

( V I .  19) 

( V I  .20) 

L = 0.09 f t  ( V I  .21) 



P = I O  atmosphere 

v = 20 f t / sec .  
0 
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( V I  .22)  

( V I  . 2 3 )  



CHAPTER V I  I 

RESULTS FROM COMPUTER CALCULAT I ON 

A computer program has been developed to  study t h e  t r a n s i e n t  

phenomena o f  r e a c t i v e  f l u i d  f l o w  i n  a hybr id  r o c k e t  system. A d e t a i l e d  

d e s c r i p t i o n  o f  t h i s  computer program and i t s  capabi I i t y  a r e  included i n  

Appendix B a s  computer program HETCOMB. 

A separate computer program i s  employed t o  present the  r e s u l t s  

ca lcu la ted  from computer program HETCOMB i n  graphica l  form. The usage 

o f  t h i s  p l o t t i n g  program and i t s  o p t i o n s  a r e  descr ibed i n  Appendix C 

as computer program PLOT. 

I n  o rder  t o  conserve computat 

a r e  chosen f o r  t h e  numerical c a l c u  

onal t 

a t i o n .  

po ints ,  20 r a d i a l  p o i n t s  i n  t h e  gas phase 

me, r a t h e r  course g r i d  spacings 

There are, t o t a l  I y, I O  a x i a l  

and 15 r a d i a l  p o i n t s  i n  t h e  

s o l i d  phase. The d e t a i l  of t h e  g r i d  p o i n t s  used i s  presented i n  F igure  

VI I .1 .  

I n i t i a l  values a r e  assigned t o  a l l  t h e  dependent v a r i a b l e s  t o  

correspond t o  t h e  i n it i a  I and boundary cond it ions described i n  Chapter 

V I .  I t  has been found t h a t  t h e  energy balance equat ion a t  t h e  i n t e r f a c e  

i s  inadequate t o  descr ibe t h e  phys 

i n i t i a l  temperature p r o f i l e  i n  t h e  

t r a n s i e n t  temperature v a r i a t i o n  i n  

r e l a t i v e l y  low temperature va lue a 

c a l  mechanisms involved. When t h e  

sol i d  phase i s  chosen such t h a t  t h e  

t h e  sol i d  phase can be studied, a 

t h e  i n t e r f a c e  i s  c a l c u l a t e d  by t h e  

energy balance equation. T h i s  problem, presumably, can be e l  iminated 

i f  an a d d i t i o n a l  energy product ion term due t o  r a d i a t i v e  heat t r a n s f e r  

50 
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i s  included i n  t h e  energy balance equation. Hence, t h e  e f f e c t  due t o  

r a d i a t i v e  heat t r a n s f e r  should d e f i n i t e l y  be incorporated i n  f u t u r e  work. 

I n  t h e  mean time, i n  o rder  t o  ma in ta in  a r e a l i s t i c  temperature va lue a t  

t h e  in ter face,  a steady-state temperature p r o f i l e  i n  t h e  s o l i d  phase 

i s  assumed a t  t h e  s t a r t  o f  t h e  combustion process. 

t h e  8 dependent var iab les ,  P ,  vr, vz, T, yAl, yo,, yAl,o, and is, a t  any 

a x i a l  p o s i t i o n  a r e  p l o t t e d  as shown i n  F igure v l l - 2 - 1  - vll-2.8. 

I n i t i a l  p r o f i l e s  o f  
- A  A A 

I n  order  t o  s t a r t  t h e  i t e r a t i o n  process, a l l  t h e  dependent v a r i a b l e s  

a t  the  f i r s t  t ime level  have t o  be assigned c e r t a i n  values. For convenience, 

t h e  dependent v a r i a b l e s  a t  t h e  f i r s t  t ime level  have been assigned t h e  

corresponding i n i t i a l  values a t  t i m e  equal t o  zero. 

Numerical c a l c u l a t i o n s  f o r  t h e  simple case as o u t l i n e d  i n  Chapter 

V I  were performed on t h e  CDC6600 computer. With 5 = 0.01 and n = 0.01 

as t h e  convergence c r i t e r i a ,  t h e  c r i t i c a l  t ime increment was determined 

e m p i r i c a l l y  t o  be i n  t h e  range o f  3 - 6 microseconds. With A t  = 3 

microseconds, numerical c a l c u l a t i o n s  were performed w i t h  5 = 0.01 and 

11 = 0.01 f o r  1000 t i m e  steps. T ightening t h e  convergence c r i t e r i a  b y  

reass ign ing a va lue o f  0.005 for n, numerical c a l c u l a t i o n s  were continued 

f o r  another 1000 t i m e  steps. With n = 0.002, another 1000 t ime steps 

c a l c u l a t i o n s  were performed and a steady-state s o l u t i o n  was reached a t  

t h e  end o f  3000 t i m e  steps. The c a l c u l a t e d  r e s u l t s  from computer program 

HETCOMB a r e  presented i n  graphica l  form through t h e  use o f  computer program 

PLOT. 
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F igu re  Vll-2.1 - Vll-2.8 I n i t i a l  P r o f i l e  o f  A l l  t h e  Dependent 

V a r i a b l e s ' a t  Any Ax ia l  P o s i t i o n  
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FIGURE ( VII-LZ 1 
INITIAL PROFILE I N  GFlS PHRSE 
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FIGURE V11-2,4 1 
INITIAL PROFILE IN GAS PHQSE 
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FIGURE t V I I - ~ , ~  1 
INITIAL PROFILE I N  GAS PHASE 
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FIGURE [ VII-2,7 1 
INITIFIL-PROFILE IN GRS PHRSE 
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FIGURE ( V I I - ~ , ~  1 
INITIRL PROFILE IN SOLID PHASE 
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The p l o t t e d  t r a n s i e n t  data f o r  t h e  gas phase temperature as shown 

i n  F igure  Vll-3.1 - VII-3.3 i n d i c a t e  t h a t  t h e  r e l a t i v e l y  c o l d  gaseous 

oxygen supply from t h e  i n l e t  a c t u a l l y  blows o u t  t h e  i n i t i a l l y  s t a r t e d  

flame. T h i s  i s  f u r t h e r  demonstrated by t h e  p l o t t e d  t r a n s i e n t  d a t a  f o r  

t h e  mass f r a c t i o n  o f  A1203 as shown i n  F igures VII-4.1 - VII-4.3. I n i t i a l l y ,  

t h e  product ion of A1203 i n  t h e  f lame zone a t  any a x i a l  p o s i t i o n  i s  

spontaneous. 

t ime i s  al lowed f o r  t h e  i n l e t  oxygen supply t o  reach t h e  p a r t i c u l a r  

a x i a l  p o s i t i o n .  The steady-state s o l u t i o n s  f o r  t h e  gas phase temperature 

The mass f r a c t i o n  o f  A1203 dimin ishes a f t e r  t h e  requ i red  

and t h e  mass f r a c t i o n  of AI, O2 and Al2O3 as shown i n  F igure VI 1-5.1 - 
VI 1-5.4 i n d i c a t e  t h a t  no sus ta in ing  gas phase chemical r e a c t i o n  i s  poss ib le  

under t h e  prescr ibed cond i t ions .  

bus t ion  model used i s  inadequate. 

T h i s  p o i n t s  t o  the  f a c t  t h a t  the  corn- 

I t  has been pointed o u t  by Newhal I (551, and, Kassoy and W i  I I iams 

(571 t h a t  t h e  r e a c t i o n  orders  f o r  t h e  f u e l  and o x i d i z e r  a re  n o t  

necessar i l y  t h e  same as t h e  corresponding s t o i c h i o m e t r i c  c o e f f i c i e n  

f o r  a one-s ep o v e r a l l  reac t ion .  I t  appears t h a t  t h e  o v e r a l l  r e a c t  

o rders  w i t h  respect t o  the  f u e l  and o x i d i z e r  should be found e i t h e r  

exper imenta l ly  o r  through a d e t a i l  a n a l y s i s  o f  t h e  actual  r e a c t i o n  

S 

on 

mechanism. Since both experimental data and r e a c t i o n  mechanism f o r  the  

gas phase aluminum-oxygen r e a c t i o n  a r e  n o t  ava i lab le ,  a r b i t r a r y  values 

were selected f o r  t h e  r e a c t i o n  orders  w i t h  respect  t o  aluminum and 

oxygen for  t h e  purpose of demonstrat ing t h a t  a f lame can be sustained. 

Hence, i f  t h e  reac t ion ,  2AI  + 0, -f ZAIO, i s  assumed t o  be t h e  r a t e  

c o n t r o l  I ing step f o r  t h e  overa l  I reac t ion ,  2AI + I .502 -f A1203, -then, 
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F igu re  Vll-3.1 - Vll-3.3 Transient  Gas Phase Temperature P r o f i l e  
n 

a t  Ax ia l  Pos i t i ons  Z = 0.12, 0.24 and 

0.36 
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Figure  VII-4.1 - VII-4.3 Trans ien t  P r o f i l e  of A 1 2 0 3  a t  Axial 

Posi t ion;  2 = 0.12, 0.24, and 0.36 
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FIGURE ( VII-4,l I 
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FIGURE [ ~ 1 1 - 4 ~  1 
PROFILE RT A X I A L  POSITION. f =-36 
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F igure  VII-5.1 - VII-5.4 Steady-State P r o f i l e  for  Gas Phase 

Temperature, Mass F r a c t i o n  o f  

Aluminum, Oxygen and Aluminum Oxide 
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PROFILE RT TIME =.00915 SEC. 
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FIGURE [ VII-5,2 1 
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I N  GAS PHHSE 

0 
U 

A 
0 

f A = 0.00 
z = .I2 

f = .36 
? = .2Lf 

1 

LI 
0 

DIMENSIONLESS DISTRNCE FROM WRLL 



74 

FIGURE ( VII-5,3 I 
PROFILE 'RT TIME = .00915 SEC. 
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FIGURE [ VII-5,4 1 
PROFILE AT TIME = -00915 SEC. 
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2.0 and 

orders  w 

numer i ca 

.O i n  p lace o f  2.0 and 1.5 can be selected as t h e  o v e r a l l  r e a c t i o n  

t h  respect  t o  aluminum and oxygen. With A t  3 microseconds, 

c a l c u l a t i o n s  were performed f o r  3000 t i m e  steps using t h e  same 

vary ing  convergence c r i t e r i a  as i n  t h e  previous case. The c a l c u l a t e d  

r e s u l t s  f o r  a l l  t h e  dependent v a r i a b l e s  a t  t = 0.003, 0.006 and 0.009 

seconds a r e  included i n  Appendix D. 

I n  order  t o  g e t  some idea as t o  t h e  adequacy o f  t h e  values chosen 

f o r  t h e  convergence c r i t e r i a ,  numerical c a l c u l a t i o n s  were performed fo r  

t h e  same case w i t h  A t  = 1.5 microseconds such t h a t  more r e s t r i c t e d  

values o f  5 = 0.01 and TI = 0.001 f o r  t h e  convergence c r i t e r i a  could be 

used. A comparison of t h e  p l o t t e d  r e s u l t s  a t  t = 0.003 second f o r  t h e  

two s o l u t i o n s  w i t h  ' d i f f e r e n t  convergence c r i t e r i a  shows no s i g n i f i c a n t  

d i f f e r e n c e .  

With t h e  modi f ied va 

f o r  t h e  gas phase tempera 

a r e  p l o t t e d  as shown i n  F 

f r o  

coo 

i nd 

t h e  

ues f o r  t h e  r e a c t i o n  orders,  t h e  t r a n s i e n t  d a t a  

u r e  a t  a x i a l  p o s i t i o n ,  = 0.12, 0.24, and 0.36 

gures V11-6.1 - Vll-6.3. A t  t h e  s t a r t  o f  t h e  

combustion process, spontaneous chemical r e a c t i o n  increases t h e  temperature 

o f  t h e  i n i t i a l l y  i g n i t e d  flame. As t h e  r e l a t i v e l y  c o l d  oxygen supply 

t h e  i n l e t  reaches any o f  t h e  a x i a l  p o s i t i o n ,  a corresponding 

ing e f f e c t  has been observed. Also, t h e  p o s i t i o n  of t h e  f lame as 

cated by t h e  peak o f  t h e  temperature p r o f i l e  i s  being pushed towards 

f u e l  surface. A sus ta in ing  f lame can be observed i n  F igure  Vl l -6.3.  

A review o f  t h e  data i n  Table 0-3.2 i nd ica tes  t h a t  t h e  sus ta in ing  flame 

a c t u a l l y  s t a r t s  from a x i a l  g r i d  number 9 which i s  0.08 f t  away from t h e  

i n l e t .  From Schl ieren and shadowgraph s tud ies  by Muzzy (20) and a co lored 
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Figure  V I  1-6. I - V I  1-6.3 Trans ien t  Gas Phase Temperature P r o f i l e  a t  

Ax ia l  Pos i t ion ,  2 = 0.12, 0.24 and 0.36, 

w i t h  t h e  Mod i f ied  Values for t h e  React ion 

9rders.  
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movie produced by ONERA (42) on experimental h y b r i d  r o c k e t  systems, it 

has been demonstrated t h a t  t h e  d is tance o f  t h e  f lame p o s i t i o n  from t h e  

fue l  sur face i s  zero a t  t h e  i n l e t  and increases i n  t h e  downstream a x i a  

d i r e c t i o n  as shown i n  F igure Vl1.7. I f  A? i s  t h e  dimensionless r a d i a  

g r i d  spacing used, t h e  f i n i t e  d i f f e r e n c e  method can o n l y  approximate 

a sus ta in ing  f lame s o l u t i o n  a d is tance approximately equal t o  down- 

stream o f  t h e  i n l e t .  Apparently, w i t h  t h e  coarse g r i d  spacing used i n  

t h e  c u r r e n t  so lu t ion ,  t h i s  d is tance i s  roughly equal t o  0.08 f t .  

C 

has been p l o t t e d  i n  F igure  V I  1-8. I - V I  

i s  concentrated i n  t h e  r e a c t i o n  zone as 

o f  t h e  mass f r a c t i o n  o f  A 1 2 0 3  i s  f u l l y  

The corresponding t r a n s i e n t  v a r i a t i o n  o f  t h e  mass f r a c t i o n  o f  A1203 

-8.3’. The product ion of  A 1 2 0 3  

expected. The t r a n s i e n t  v a r i a t i o n  

n accord w i t h  t h e  t r a n s i e n t  tempera- 

t u r e  v a r i a t i o n .  

a sus ta in ing  f lame s o l u t i o n  i s  n o t  poss ib le  and increases cont inuously  

where a flame i s  sustained. 

The mass f r a c t i o n  o f  A1203  decreases back t o  zero where 

The t r a n s i e n t  e f f e c t  on t h e  a x i a l  v e l o c i t y  p r o f i l e  due t o  mass 

a d d i t i o n  and combustion a r e  demonstrated i n  F igure  V I  1-9.1- V I  1-9.3. 

The e f f e c t  o f  mass a d d i t i o n  and combustion tends t o  decrease t h e  magnitude 

e n t  a t  t h e  f u e l  surface. Th is  i s  i n  good 

t h e  f i n d i n g s  of Jones and lsaacson (46) i n  t h e i r  

o f  t h e  a x i a  

q u a l i t a t i v e  

experimenta 

ve loc i t y  grad 

agreement w.i t h  

work. 
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F igure  VII-8.1 - VII-8.3 Trans ien t  P r o f i l e  o f  A 1 2 0 3  a t  Ax ia l  

Pos i t ion ,  Z = 0.12, 0.24, and 0.36, 
I 

h 

w i t h  t h e  Mod i f ied  Values fo r  t h e  React ion 

Orders 
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FIGURE ( VII-8,1 1 
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FIGURE ( y11-8,~ I 
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FIGURE ( V I I - ~ , ~  I 
PROFILE RT AXIRL  POSITION. f =.36 
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F igu re  Vll-9.1 - Vl l -9.3 Trans ient  P r o f i l e  o f  Ax ia l  V e l o c i t y  
A 

Component a t  Ax ia l  Pos i t ion ,  Z = 0.12, 

0.24 and 0.36, w i t h  the  Mod i f ied  Values 

f o r  t h e  React ion Orders 
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The steady-state p r o f i l e s  of  a l l  t h e  dependent v a r i a b l e s  a r e  p l o t t e d  

i n  F igu re  V 

t h e  m i x t u r e  

i n  t h e  a x i a  

susta i n i ng 

1-10.1 - Vll-10.8. There i s  a decrease i n  t h e  d e n s i t y  o f  

corresponding t o  an increase i n  t h e  gas phase temperature 

d i r e c t i o n .  A sharp temperature peak t o  correspond t o  a 
n 

lame i s  ind ica ted  a t  z = 0.36. The magnitude o f  t h e  a x i a l  

mass 

zero 

spac 

so lu  

i n t o  

v e l o c i t y  g rad ien t  a t  t h e  f u e l  sur face  decreases i n  t h e  a x i a l  d i r e c t i o n  

a s  mass a d d i t i o n  and combustion a r e  more dominant i n  t h a t  d i r e c t i o n .  

Since t h e  vapor i za t i on  process i s  assumed t o  be t h e  mechanism fo r  t h e  

r a d i a l  v e l o c i t y  component i s  expected t o  approach 

o f  t h e  f u e l  surface. With t h e  coarse g r i d  

a d d i t i o n  o f  f u e l ,  t h e  

i n  t h e  c l o s e  v i c i n i t y  

ng used, t h e  f i n i t e  d f f e rence  method can o n l y  approximate t h e  

i on  by values f l u c t u a  ing  around zero. T h i s  f l u c t u a  

t h e  downstream f low and what i s  observed i n  F igu re  V 

a phenomenon due t o  t h e  f i n i t e  d i f f e r e n c e  approximation. 

values f o r  t h e  r a d i a l  v e l o c i t y  component i n  t u r n  produce 

ion  propagates 

1-10.4 i s  r e a l  

These f l u c t u a t  

he r i p p l e s  

observed i n  F igures  V I I i 0 . I  - Vll-10.3. T h i s  a l s o  i nd i ca tes  t h a t  t h e  

densi ty,  t h e  gas phase temperature and t h e  a x i a l  v e l o c i t y  component a r e  

s t r o n g l y  coupled t o  t h e  r a d i a l  v e l o c i t y  component. The sum o f  t h e  mass 

f r a c t i o n s  o f  aluminum, oxygen and aluminum ox ide  a t  any g r i d  p o i n t  should 

add up t o  u n i t y  and t h i s  i s  remarkably obeyed w i t h i n  t h e  convergence c r i t e r i a  

used. A pronounced produc t ion  of  A120, w i t h  t h e  corresponding d e p l e t i o n  

of  aluminum and oxygen can be observed i n  t h e  sus ta in ing  f lame zone a t  

= 0.36. Since a steady-state temperature p r o f i l e  i n  t h e  sol i d  phase 

i s  assumed i n i t i a l l y  a t  t h e  s t a r t  o f  t h e  combustion process, t h e  s o l u t i o n  

fo r  t h e  temperature i n  t h e  sol i d  phase i s  t r i v i a l .  There is ,  however, a 
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F i g u r e  VII-10.1 - Vll-10.8 Steady-State P r o f i l e  o f  a l l  t h e  Dependent 

Var iab les  a t  Ax ia l  Pos i t ion ,  2 = 0.00, 

0.12, 0.24 and 0.36 
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FIGURE ( VII-10,5 1 
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FIGURE ( ~11-10~6 1 
PROFILE RT TIME =.00315 SEC. 
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FIGURE ( VII-1U17 1 
PROFILE AT TIME = .00915 SEC- 
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maximum of about 7% difference between the calculated and the initially 

assumed values. This is due to the inherent approximation in the difference 

equation when the option of two regions of  uniform grid spacing in the 

sol i d  phase i s  used. 



CHAPTER V l l l  

CONCLUS IONS 

An o v e r a l l  approach has been fo l lowed t o  study t h e  heterogeneous 

combustion processes i n  hyb r id  r o c k e t  systems through t h e  use of  numerical 

computational methods. The achievements i n  r e t u r n  f o r  t h e  e f f o r t s  p u t  

f o r t h  can be summarized as  f o l l o w s :  

(a )  A computational method has been developed which i s  capable o f  s o l v i n g  

t h e  complete s e t  o f  t r a n s i e n t ,  two-dimensional, conservat ion equat ions 

fo r  a r e a c t i n g  gas mixture.  

(b )  I t  has been f u r t h e r  demonstrated t h a t  t h i s  system o f  equations i s  

capable of hand l ing  t h e  heterogeneous combustion problem r e s u l t i n g  

from t h e  t u r b u l e n t  f low of  an o x i d i z e r  over  s o l i d  f u e l .  

( c )  The t r a n s i e n t  s o l u t i o n s  obta ined i n d i c a t e  a smooth t r a n s i t i o n  from 

i n i t i a l  t o  steady-state cond i t ions ,  a l  lowing a study o f  t h e  t r a n s i e n t  

phenomena i n  heterogeneous combustion processes t o  be made w i t h i n  

a reasonable amount o f  computing t ime. 

(d )  The ca l cu la ted  r e s u l t s  i n d i c a t e  t h a t  a f lame i s  formed ve ry  c l o s e  

t o  t h e  f u e l  surface, and, t h a t  t h e r e  i s  a decrease i n  t h e  magnitude 

o f  the  a x i a l  v e l o c i t y  g rad ien t  a t  t h e  fue l  surface. 

( e >  The steady-state c o n d i t i o n s  achieved i n d i c a t e  good q u a l i t a t i v e  

agreement w i t h  a v a i l a b l e  experimental data. 

( f )  I t  has been found as i n i t i a l l y  expected t h a t  t h e  neg lec t  o f  r a d i a t i v e  

heat t r a n s f e r  i s  unreal i s t i c ,  and so, r a d i a t i v e  heat t r a n s f e r  e f f e c t  

should be included i n  f u t u r e  study of  hyb r id  rocke t  systems. 

I02 
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( g )  W i  1 h I he development of more sophisticated theoretical models, it 

i s  expected that this computational method can be used to simulate 

experimental conditions more real istical ly. 



CHAPTER IX 

RECOMMENDATIONS FOR FUTURE WORK 

The work presented i n  t h e  prev ious chapters  a r e  o n l y  the  beginning 

o f  an ambi t ious undertaking. The numerical s o l u t i o n  o f  t h e  s e t  o f  general ,  

two-dimensional, conservat ion equat ions as  presented i n  Chapter I l l  even 

f o r  a s imple case has opened a new hor izon  i n  the  area o f  computational 

physics. In  o rde r  t h a t  t h i s  computational method can be used t o  s imulate 

exper imenta I cond it ions, more rea I i s t  i c  model s need t o  be form- 

u la ted  and incor,oorated into t h e  c u r r e n t  computer program. A number o f  

these f u t u r e  work items a r e  descr ibed below. 

A. Var iab le  Mass Add i t i on  from Fuel Surface 

(a )  Desc r ip t i on :  An i n v e s t i g a t i o n  i n t o  t h e  e f f e c t  o f  v a r i a b l e  

r a t e  o f  mass a d d i t i o n  from fue l  surface. A constant  r a t e  i s  c u r r e n t l y  

being used. 

(b )  Discussion: From publ ished l i t e r a t u r e ,  it i s  ev ident  t h a t  t h e  

fue l  sur face regress ion  r a t e  i n  a hyb r id  rocke t  system i s  va r iab le .  Assuming 

t h a t  t h e  f u e l  sur face chemical r e a c t i o n  i s  p r i m a r i l y  a f u n c t i o n  o f  t h e  

t h e  fue l  sur face  p y r o l y s i s  temperature a t  t h e  gas-so l id  in te r face ,  

r a t e  can be expressed i n  t h e  Arrhenius form as  fo l l ows :  

TW’ 

-E 
S P = A exp [-I 

RTW 

( IX.1) 

where A and E a r e  empi r i ca l  constants.  From experimental regress ion  

r a t e  data, t h e  constants  A and ES can be evsluated. 

S 

I 04 
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B. Radia t ive  Heat Transfer  

(a )  Descr ip t ion :  An i n v e s t i g a t i o n  i n t o  t h e  e f f e c t s  due t o  r a d i a t i v e  

heat t r a n s f e r  from t h e  hot  gases t o  t h e  f u e l  surface. Th is  i s  c u r r e n t l y  

neglected. 

( b )  Discussion: When m e t a l l i c  f u e l  i s  employed i n  a hybr id  rocke t  

system, maximum temperature i n  t h e  combustion chamber can range anywhere 

from 3000°K t o  4000OK. Rad ia t i ve  heat t r a n s f e r  from t h e  hot  combustion 

flame t o  t h e  f u e l  sur face can no longer be neglected. Assuming t h a t  a 

gray-body e q u i l  ib r ium d e s c r i p t i o n  appl ies, an a d d i t i o n a l  term t o  account 

f o r  r a d i a t i v e  heat t r a n s f e r  e f f e c t s  can be included i n  t h e  energy balance 

equat ion a t  t h e  in te r face .  

C. Var iab le  ProDert ies 

(a )  Descr ip t ion :  An i n v e s t i g a t i o n  i n t o  t h e  e f f e c t s  o f  temperature 

and p o s i t i o n  dependence o f  v a r i a b l e  f l u i d  and t r a n s p o r t  p roper t ies .  Con- 

s t a n t  p roper t  ies  a r e  c u r r e n t  I y used. 

(b )  Discussion: Since t u r b u l e n t  f l o w  and extreme temperature grad ien t  

a r e  c h a r a c t e r i s t i c  o f  a hybr id  r o c k e t  system, t h e  e f f e c t  of v a r i a b l e  f l u i d  

and t r a n s p o r t  p r o p e r t i e s  w i l  I be studied. The s p e c i f i c  heat per u n i t  

mass a t  constant  pressure f o r  t h e  chemical species i n  t h e  gas phase i s  

genera I I y temperature dependent and can be f i t t e d  t o  exper imenta I I y 

measured data through t h e  use o f  empir ica l  equat ion as fo l lows:  

C = a + biT + ciT2 P i  i ( I X . 2 )  

where a b. and c .  a r e  empir ica l  constants.  Values of these constants i ’  I I 
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have been reporl-ed by Kobe ( 5 8 )  f o r  a number o f  gases commonly encountered 

i n  t h e  petrochemical indust ry .  

I n  experimental s tud ies  o f  combusting t u r b u l e n t  boundary layers, 

both Kulgein ( 5 9 )  and, Jones and lsaacson (46)  have concluded t h a t  t h e r e  

i s  no evidence of combustion-induced turbulence. Hence, t h e  eddy v i s c o s i t y  

der ived f o r  isothermal f low can be used f o r  chemical r e a c t i n g  f low. 

Based on an extens ion o f  P r a n d t l ' s  mix ing length theory, Wil l iamson ( 6 0 )  

der ived an expression for  t h e  eddy v i s c o s i t y  i n  isothermal, f u l l y  estab- 

I ished channel f low. 

pressed a f t e r  some manipulat ion as a f u n c t i o n  p r i m a r i l y  o f  t h e  dimension- 

less p o s i t i o n  coordinate,  r, as  fo l lows:  

Thus, t h e  dimensionless v i s c o s i t y ,  G, can be ex- 

A 

7 I 

Jones e t .  a l .  (61)  reported t h a t  it i s  reasonable t o  assume t h a t  t h e  -- 
eddy d i f f u s i v i t y  i s  equal t o  t h e  eddy v i s c o s i t y .  Hence, t h e  dimension- 

less b i n a r y  d i f f u s i o n  c o e f f i c i e n t ,  Di, can be expressed a s  f o l l o w s :  
A 

6 

D. = 0.021 
I 

( I X . 4 )  

I f  it i s  f u r t h e r  assumed t h a t  t h e  eddy thermal d i f f u s i v i t y  i s  equal 

t o  t h e  eddy v i s c o s i t y ,  a p o s i t i o n  dependent expression f o r  t h e  dimension- 

less thermal c o n d u c t i v i t y  can be der ived. 
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D. ImDroved Turbulence Model 

( a >  Descr ip t ion :  Development o f  a t u r b u l e n t  t r a n s p o r t  model u t i l i z i n g  

p e r t u r b a t i o n  theory  t o  inc lude f l u c t u a t i o n  f low. Current ly ,  a time- 

averaged t u r b u l e n t  model i s  used, which d i f f e r s  from t h e  laminar f low 

model o n l y  i n  t h e  magnitude o f  t h e  t r a n s p o r t  c o e f f i c i e n t s .  

( b >  Discussion: Since f low i n  a hybr id  rocke t  system i s  h i g h l y  

tu rbu len t ,  t h e  e f f e c t  due t o  turbulence i n t e n s i t y  may p lay  an important 

r o l e .  Th is  e f f e c t  can be s tud ied through t h e  p e r t u r b a t i o n  theory.  With 

t h e  a d d i t i o n  o f  t r a n s p o r t  terms due t o  f l u c t u a t i o n ,  t h e  c u r r e n t  governing 

equat ons i n  t h e  gas phase a r e  t h e  zero order  p e r t u r b a t i o n  equations. 

The f r s t  o rder  p e r t u r b a t i o n  equat ions have t o  be der ived for computer 

use. 

E. ComDlex Chemical K i n e t i c s  

( a >  Descr ip t ion :  An i n v e s t i g a t i o n  i n t o  t h e  e f f e c t s  o f  complex 

chemical k i n e t i c s ,  i n  which r e a l i s t i c  r e a c t i o n  chains w i l l  be used. A 

simple one-step o v e r a l l  i r r e v e r s i b l e  chemical r e a c t i o n  i s  c u r r e n t l y  used. 

( b )  Discussion: Most gas-phase chemical r e a c t i o n s  cannot be des- 

c r i b e d  by a simple one-step s t o i c h i o m e t r i c  r e l a t i o n .  As t h e  r e a c t i o n  

proceeds, a number o f  steps a r e  involved i n  which chemical species, t h a t  

do n o t  appear i n  t h e  f i n a l  products, take  par t .  To descr ibe such a 

complex react ion,  these intermediate species have t o  be included. Th is  

invo lves a study o f  t h e  r e a c t i o n  mechanisms. 

r e a c t i o n  mechanisms, t h e  r e s u l t  i s  a s e t  o f  elementary reac t ions  repre- 

sented by t h e  f o l l o w i n g  equation: 

From t h e  postu la ted 
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The r a t e  o f  change o f  concent ra t ion  o f  a p a r t i c u l a r  chemical species can 

then be der ived from t h i s  s e t  o f  elementary react ions.  

F. Phys ica I Recess ion  E f f e c t s  

(a )  Descr ip t ion :  I n v e s t i g a t i o n  o f  t h e  e f f e c t s  due t o  a p h y s i c a l l y  

receding fue l  surface. Current ly ,  t h e  f u e l  surface geometry remains 

f i x e d  a l though a regress ion r a t e  o f  fue l  i s  assumed. 

( b )  Discussion: In  an actual  hybr id  rocke t  system, t h e  geometry 

o f  t h e  combustion chamber changes cont inuously  as the  fue l  sur face re-  

cedes. This  i n t e r n a l  geometric v a r i a t i o n  w i l l  d i r e c t l y  a f f e c t  t h e  

s t a t i c  pressure. Therefore, cases w i l l  a r i s e  where t h e  c u r r e n t  computer 

program i s  unrepresentat ive,  and does not  permi t  comparisons t o  be made 

w i t h  t e s t  r e s u l t s .  Major reprogramming w i l l  be requi red.  

G. F i e l d  P l o t t i n g  

( a )  Descr ip t ion :  Development o f  a new p l o t t i n g  program t o  produce 

e a s i l y  read f i e l d  p l o t s .  Cur ren t ly ,  computer program PLOT i s  used t o  

p l o t  a x i a l  p r o f i l e s  of a l  I t h e  dependent var iab les.  

( b )  Discussion: The c u r r e n t  p l o t t i n g  program can be used t o  study 

t h e  t r a n s i e n t  phenomena o f  r e a c t i v e  f l u i d  f low.  However, i n  order  t o  

f a c i  I i t a t e  easy i n t e r p r e t a t i o n  of  computed r 

t i v e  t rends  and t o  g e t  an overa l  I p i c t u r e  o f  

new p l o t t i n g  program t o  generate f i e l d  p l o t s  

iab les  a t  any i n s t a n t  o f  t ime should be deve 

su I t s  

t h e  en 

o f  a l l  

oped. 

n terms o f  qual i t a -  

i r e  f low f i e l d ,  a 

t h e  dependent var- 

A cont inuous d i spl ay 
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o f  f i e l d  p l o t s  on o s c i  I loscope through r e a l  t ime  a s s i m i l a t i o n  w i  I I 

be equ iva len t  to performing a t h e o r e t i c a l  experiment o f  r e a c t i v e  f l o w  i n  

a h y b r i d  rocke t  system. 
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APPENDIX A 

VER IF ICAT ION OF THE CRANK-N ICOLSON SCHEME 

Ana I y t i c a l  sol u t i o n s  for  steady-state, two-d imensiona heat conduct ion 

i n  a rec tangu lar  p l a t e  have been used t o  v e r i f y  t h e  i m p l i c i t  Crank-Nicoison 

scheme f o r  t h e  t r a n s i e n t  heat conduct ion equation. The p l a t e  i s  assumed 

t o  be homogeneous w i t h  a thermal c o n d u c t i v i t y  o f  IO Btu/hr.ft.OF, a 

d i f f u s i v i t y  o f  0.20 sq.ft./hr., a length L = 0.096 f t .  and a width d = 

0.024 f t .  Consider t h e  rec tangu lar  p l a t e  shown i n  F igure  A . I .  Two s ides 

of t h e  p l a t e  a r e  insulated, one s i d e  i s  maintained a t  a constant  tempera- 

tu re ,  To, and t h e  remaining s i d e  has a temperature d i s t r i b u t i o n ,  f ( z ) ,  

impressed upon it. Assuming t h a t  t h e  temperature d i s t r i b u t i o n  v a r i e s  

I i n e a r l y  from To = 3OOOF a t  z = d t o  Tm,, = 800OF a t  z = 0, f ( z )  can 

then be expressed as f o l l o w s :  

The governing equat ion i s  

Le t  0 = T - T 

becomes 

and F ( z )  = f ( z )  - To - - emax ( I  - z/d), then, equat ion (B-2) 
0 

I 1 5  
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Figure  A.1 Two-Dimensional Heat Conduction i n  a 

Recta ngu I a r P I a t e  
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Boundary cond i t i ons  a r e  as f o l  lows: 

(a )  z- ae - o a t  z = 0; 

( b )  9 = 0 a t  z = d; 

( c )  a x =  ae o a t  x = 0; 

( d )  0 = F ( z )  a t  x = L. 

The s o l u t i o n  t o  t h e  d i f f e r e n t i a l  equat ion (A.3) w i t h  t h e  g iven boundary 

cond i t i ons  has been der ived as fol 10ws:l 

The sum o f  t h e  se r ies  as represented by equat ion (A.4)  has been solved 

by computer2 and t h e  isotherms f o r  every 100 degrees can be drawn as 

shown i n  F igure  A.2. 

Using t h e  Crank-Nicolson scheme as descr ibed i n  Chapter I V ,  equat ion 

( I  I I. I O )  has been used t o  o b t a i n  s o l u t i o n  f o r  t h e  t rans ien t ,  two-dimensional 

heat conduct ion i n  t h e  same rec tangu lar  p la te .  

and a t ime  increment, At = 0.0075 sec. have been chosen. I n  o rder  to 

A square g r i d  o f  0.006 f t  

'Hung, W. S.  Y., Term Problem f o r  M . E .  231a-Heat Transmission, Dept. of 
Mech. Engr., Stanford Un ive rs i t y ,  Stanford, C a l i f o r n i a ,  1965. 

21bid. 
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Figure  A.2 Isothermal L ines i n  t h e  Rectangular P l a t e  
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A 

e l i m i n a t e  t h e  e f f e c t  due t o  curvature,  t h e  dimensionless radius,  r, 

has been s e t  a r b i t r a r i l y  as 100,000. From a p l o t  o f  temperature versus 

t i m e  fo r  t h e  g r i d  p o i n t  where maximum temperature change occurred, as 

shown i n  F igure  A.3,  it can be observed t h a t  t h e  temperature d i s t r i b u t i o n  

approached t h e  steady-state c o n d i t i o n  i n  approximately 9 seconds. The 

r e s u l t s  of t h e  a n a l y t i c a l  s e r i e s  s o l u t i o n  and o f  t h e  t r a n s i e n t  numerical 

s o l u t i o n  a t  t h e  end of 9 seconds a r e  tabu la ted  a s  shown i n  Table A.1 

and Table A.2 respec t ive ly .  

T h i s  i s  w i t h i n  t h e  t r u n c a t i o n  e r r o r  f o r  t h e  a n a l y t i c a l  s e r i e s  s o l u t i o n .  

Thus, it has been v e r i f i e d  t h a t  t h e  d i f f e r e n c e  equat ion for equat ion 

(I I I. IO) i s  c o r r e c t .  

A maximum e r r o r  of 2.07% has been ca lcu la ted .  



1-, O F  

0 3 6 

T i m e  i n  seconds 

9 

Figure A.3 Temperature Versus Time a t  z = 0, x = 0.09 f t .  



Table A.1 Temperature ( O F )  i n  t h e  Rectangular P l a t e  Shown i n  F igure 

A.1 - So lu t ion  by Equation (A.4) 

0.0 .006 .012 .018 .024 

.084 

.078 

.072 

.066 

.060 

. .054 

.048 

.042 

,036 

.030 

797.5 

590.5 

489.4 

426. I 

384.7 

357.0 

338.5 

326.0 

317.5 

31 I .8 

675.0 

556.6 

472.2 

41 5.8 

378.0 

352.6 

335.5 

324.0 

316.2 

310.9 

550.0 

482.5 

427.5 

387.3 

359.3 

340. I 

327. I 

318.3 

312.4 

308.4 

425.0 

393.8 

367. I 

346.6 

331.9 

321.7 

314.7 

309.9 

306.7 

304.5 

300.0 

300.0 

300.0 

300.0 

300.0 

300.0 

300.0 

300.0 

300.0 

300.0 
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Table A.2 Temperature ( O F )  i n  t h e  Rectangular P l a t e  Shown i n  F igure  

A.1 - Trans ien t  So lu t i on  of Equat ion (111.10) by an I m p l i c i t  

Crank-Nicolson Scheme a t  t = 9 sec. 

0. e .006 .012 .018 .024 

.084 800. I 675.0 549.9 425. I 300.0 

.078 602.7 558.6 482.4 393.6 300.0 

.072 494.4 474.0 427.5 366.6 300.0 

.066 427.8 386.4 387.0 346.2 300.0 

.060 384.3 377.4 358.5 331.2 300.0 

.054 355.2 351 .O 338.7 320.7 300.0 

.048 336.0 333.3 325.5 31 3.8 300.0 

.042 322. I 321.3 316.5 308.7 300.0 

.036 314.7 313.5 310.5 305.7 300.0 

.030 309.3 308.4 306.6 303.6 300.0 



APPEND I X  B 

PROGRAM HETCOMB 

Th is  computer program has been developed t o  perform a t h e o r e t i c a l  

study o f  heterogeneous combustion i n  an idea l i zed  hyb r id  rocke t  chamber. 

The conservat ion equations der ived i n  Chapter I l l  a r e  solved by us ing 

t h e  f i n i t e - d i f f e r e n c e  schemes described i n  Chapter I V .  The convergence 

c r i t e r i a  and i t e r a t i v e  procedures employed have been described i n  Chapter 

V. Th is  computer program a l l ows  e i t h e r  un i form r a d i a l  g r i d  spacing o r  

two reg ions  o f  un i form g r i d  spacing i n  both t h e  gas and the  sol i d  phases. 

I n  t h e  a x i a l  d i r e c t i o n ,  however, o n l y  un i form g r i d  spacing i s  allowed. 

Furthermore, t h i s  computer program a l lows t h e  t r a n s i e n t  c a l c u l a t i o n  t o  

proceed i n  an un l im i ted  number of runs through t h e  use o f  magnetic tapes 

u n t i l  t h e  steady-state cond i t i on  has been reached. The nomenclature o f  

t h e  important symbols used and a general flow c h a r t  f o r  t h i s  computer 

program i s  presented f i r s t .  The inpu t  arrangement i s  described and a sample 

input  i s  shown. The type and form of t h e  ou tpu t  a re  discussed. A sample 

input  i s  included for  t h e  purpose of checking o u t  t h e  computer program. 

scussed. 

appendix. 

The storage requirement and t h e  t ime  l i m i t  t o  be spec i f i ed  a r e  d 

A l i s t i n g  of t h e  computer program a r e  included a t  t h e  end of t h e  

A. Nomenclature 

A l i s t i n g  o f  t h e  important symbols used i n  computer program HETCOMB 

i s  de f ined as fo l lows:  

I23 



I24 

AD 

AE 

A LAM 

A LAM0 

A LAMRA 

ALAMS 

A LAMS0 

A LPHAO 

= Absolute d i f f e r e n c e  between ca lcu la ted  and guess values o f  any 
o f  t h e  dependent v a r i a b l e s  a t  any g r i d  po int ;  

= Allowed t o t a l  r e l a t i v e  e r r o r s  for  any of  t h e  dependent v a r i a b l e s  
a t  any t i m e  step, q; 

= Dimensionless thermal c o n d u c t i v i t y  i n  gas phase; 

i n  gas phase, Btu/hr/f t / 'R; 

c o n d u c t i v i t y  i n  sol i d  phase 

= C h a r a c t e r i s t i c  thermal c o n d u c t i v i t y  

= Rat io of t h e  c h a r a c t e r i s t i c  therma I 
t o  t h a t  i n  t h e  gas phase; 

= Dimensionless thermal c o n d u c t i v i t y  

= C h a r a c t e r i s t i c  thermal c o n d u c t i v i t y  

n sol i d  phase; 

i n  sol i d  phase, Btu/hr/ft/OR; 

= C h a r a c t e r i s t i c  thermal d i f f u s i v i t y  i n  gas phase. 

ALPHASO = C h a r a c t e r i s t i c  thermal d i f f u s i v i t y  i n  sot i d  phase. 

AMAX 

AMI 

AMlN 

AMU 

AMUO 

ANU I 

ANUZ 

ANU3 

CAI 

CBI 

cc 1 

CE 

CP 

CPO 

= Maximum al lowed d i f f e r e n c e  between c a l c u l a t e d  and guess values of  
any o f  t h e  dependent v a r i a b l e s  a t  any g r i d  po in t ,  5 ;  

= Molecular weight of species, 1, tbm/mole; 

= Allowed minimum abso lu te  value; 

= Dimensionless v i s c o s i t y  i n  gas phase; 

= C h a r a c t e r i s t i c  v i s c o s i t y  i n  gas phase, I bm/ft/sec; 

= Sto icheiometr ic  c o e f f i c i e n t  o f  o x i d i z e r ;  

= Sto icheiometr ic  c o e f f i c i e n t  of  fue l ;  

= Sto icheiometr ic  c o e f f i c i e n t  o f  product; 

= Constant, ai, f o r  t h e  eva u a t i o n  o f  Cpi, Btu/lbm; 

= Constant, bi, for  t h e  eva u a t i o n  o f  C Btu/lbm; 

= Constant, ci, for t h e  eva u a t i o n  o f  Cpi, Btu/Ibm; 

= A c t i v a t i o n  energy, Kca I /g-mo I e; 

= Dimensionless s p e c i f i c  heat per  u n i t  mass a t  constant  pressure; 

= C h a r a c t e r i s t i c  s p e c i f i c  heat per u n i t  mass a t  constant  pressure, 

P i '  

Btu/ I b,/'R; 



cso = C h a r a c t e r i s t i c  s p e c i f i c  heat per  u n i t  mass i n  sol i d  phase, 
Btu/ I b,/’R; 

of species, I; 
CPI = Dimensionless s p e c i f i c  heat per u n i t  mass a t  constant  pressure 

DO = C h a r a c t e r i s t i c  b inary  d i f f u s i o n  c o e f f i c i e n t  i n  gas phase; 

- RO WO 
- DENO VO; DAM 

DII,DI2 = Dimensionless b inary  d i f f u s i o n  c o e f f i c i e n t  o f  species, I ;  

DELR 

DELR I 

DE LR2 

DELRS 

DELRSI 

DELRS2 

DELT 

DELZ 

DEN 

DENO 

D ENRA 

DENS 

DENS0 

DFURA I 

DFURA2 

DFURA3 

DFURA4 

DFURA5 

= Dimensionless r a d i a l  g r i d  spacing i n  gas phase; 

= Dimensionless r a d i a l  g r i d  spacing i n  reg ion  I of gas phase; 

= Dimensionless r a d i a l  g r i d  spacing i n  reg ion  2 o f  gas phase; 

= Dimensionless r a d i a l  g r i d  spacing i n  s o l i d  phase; 

= Dimensionless r a d i a l  g r i d  spacing i n  reg ion  I of  s o l i d  phase; 

= Dimensionless r a d i a l  g r i d  spacing i n  reg ion  2 o f  s o l i d  phase; 

= Dimensionless t i m e  increment; 

= Dimensionless a x i a l  g r i d  spacing; 

= Dimensionless d e n s i t y  a t  any g r i d  p o i n t  i n  gas phase; 

= C h a r a c t e r i s t i c  d e n s i t y  i n  gas phase, Ibm/cu.f 

= DENSO/DENO; 

= Dimensionless d e n s i t y  a t  any g r i d  p o i n t  i n  so 

= C h a r a c t e r i s t i c  dens i ty  i n  s o l i d  phase, Ibm/cu 

- DO - -- 
RO VO’ 

- DO 
- ALPHAO; 

- - RO VO. 
ALPHAO’ 

- RO VO 
- ALPHASO; 

- RO RRO. 
A LPHASO’ 

- 

’ 

i d  phase; 

f t ;  



I26 

EC = Ecker t  number; 

F LL = Lower f lammabi I i t y  I i m i t ;  

FU L = Upper f l a m m a b i l i t y  l i m i t ;  

H I 0  

HII,HI2 = Dimensionless enthalpy per u n i t  mass of species, I, i n  t h e  gas 

= C h a r a c t e r i s t i c  enthalpy per u n i t  mass i n  t h e  gas phase, Btu/Ibm; 

phase; 

HLG 

HSGI = Dimensionless heat o f  subl imat ion o f  f u e l  a t  in te r face ;  

= Heat of  v a p o r i z a t i o n  of species, I, Btu/Ibm; 

HS L = Heat o f  f u s i o n  o f  species, I, Btu/lbm; 

L = Time step counter; 

LL = Number of t ime-step c a l c u l a t i o n s  be fore  c a l c u l a t e d  values o f  a l l  
t h e  dependent v a r i a b l e s  a r e  p r i n t e d  out ;  

K = Counter d u r i n g  convergence t e s t :  I for  TS, 2 f o r  VR, 3 for  VZ, 
4 for  T, 5 f o r  mass f r a c t i o n  o f  o x i d i z e r ,  6 for mass f r a c t i o n  
o f  f u e l  and 7 f o r  mass f r a c t i o n  o f  product; 

M = Radial g r i d  number i n  gas phase; 

MS = Radial g r i d  number i n  s o l i d  phase; 

N = Ax ia l  g r i d  number; 

N I  = Number o f  chemical species present i n  t h e  gas phase; 

NIT = Number of i t e r a t i o n s  a l  lowed; 

NR = G r i d  p o s i t i o n  i n  t h e  gas phase when r a d i a l  g r i d  s i z e  i s  changed; 

NRS = G r i d  p o s i t i o n  i n  t h e  s o l i d  phase when r a d i a l  g r i d  s i z e  i s  
changed ; 

NT = Tota l  number of t ime-step c a l c u l a t i o n s  f o r  any p a r t i c u l a r  run; 

NX = DELRl /DELRZ; 

NXS = DELRS2/DELRSI; 

NW = Tota l  number o f  r a d i a l  g r i d s  i n  t h e  gas phase; 

NWS = Tota l  number of r a d i a l  g r i d s  i n  t h e  s o l i d  phase; 
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NZ 

P 

PG 

PR 

R 

RO 

RA I 

RA2 

RE 

ROF 

ROO 

RR 

RRO 

RS 

sc 

SF 

T 

TO 

TBP 

TC 

TEMPR 

TEMPS 

TEMPT 

TEMPY 

= Tota l  number o f  a x i a l  g r ids ;  

= Dimensionless pressure a t  any g r i d  p o i n t  i n  t h e  gas phase; 

= Imposed favorab le  downstream pressure gradient,  p s f / f t ;  

= Prandt l  number; 

= D imens ion I ess rad  ius; 

= C h a r a c t e r i s t i c  rad ius,  f t ;  

= Molecular r a d i u s  of ox id izer ;  

= Molecular r a d i u s  o f  f u e l ;  

= Reynolds number; 

= Reaction o r d e r  for  fue l  ; 

= Reaction order  f o r  o x i d i z e r ;  

= Dimensionless regress ion r a t e  o f  f u e l  a t  i n t e r f a c e  

= C h a r a c t e r i s t i c  regress ion r a t e  o f  fue l ,  f t / sec ;  

= Dimensionless r a d i u s  i n  t h e  s o l i d  phase; 

= Schmidt number; 

= S t e r i c  f a c t o r ;  

= Dimensionless temperature a t  any g r i d  p o i n t  i n  t h e  gas phase; 

= C h a r a c t e r i s t i c  temperature i n  t h e  gas phase, OR; 

= B o i l i n g  p o i n t  o f  species I ,  O R ;  

= Minimum temperature f o r  combustion t o  t a k e  place; 

= Calcu lated values for  t h e  dimensionless r a d i a l  v e l o c i t y ;  

= Calcu lated values for  t h e  dimensionless temperature i n  t h e  s o l i d  
phase; 

= Calcu lated values f o r  t h e  dimensionless temperature i n  t h e  gas 
phase; 

= Calcu lated values f o r  t h e  mass f r a c t i o n  o f  chemical species, I; 
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TEMPZ 

TIME 

TRA 

TS 

TSO 

TSC 

vo 

VR 

V RA 

vz 

wo 

= Calcu lated values f o r  t h e  dimensionless a x i a l  v e l o c i t y ;  

= Dimension I ess time; 

= TO/TSO; 

= Dimensionless temperature a t  any g r i d  p o i n t  i n  t h e  s o l i d  phase; 

= C h a r a c t e r i s t i c  temperature i n  t h e  sol i d  phase, OR; 

= Minimum temperature for t h e  f u e l  to  vaporize, OR; 

= C h a r a c t e r i s t i c  v e l o c i t y  i n  t h e  gas phase, f t /sec;  

= Dimensionless r a d i a l  v e l o c i t y  a t  any g r i d  p o i n t  i n  t h e  gas phase; 

= RRO/VO; 

= Dimensionless a x i a l  v e l o c i t y  a t  any g r i d  p o i n t  i n  t h e  gas phase; 

= C h a r a c t e r i s t i c  species product ion ra te ,  I bm/cu.ft/sec; 

W I  I ,WI2 = Dimension1 ess r a t e  o f  product ion o f  species a t  any g r i d  p o i n t  
i n  t h e  gas phase; 

Y I I , Y I 2  = Mass f r a c t i o n  o f  chemical species, I ,  a t  any g r i d  p o i n t  i n  t h e  
gas phase. 

B. Flow Char t  

A diagram t o  show t h e  main l o g i c  o f  computer program HETCOMB i s  

presented i n  t h e  form of a flow c h a r t  as fo l lows:  
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START D 
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h 

c 
I - CALL FOMRI .c ' 

Lc CALL FORM2 

.r 

L - 1 c I T  = 0 

-I A 



131 
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I NTERPOLATE 
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C. Input  t o  Program HETCOMB 

For i n i t i a l  run, o n l y  i npu t  cards  a r e  used. For continued run, both 

input  cards and magnetic tape a re  employed. The input  arrangement i s  as 

f o l  lows: 

1 .  The f i r s t  inpu t  card conta ins  I I  numbers punched according t o  t h e  

format (11141. These numbers a r e  c a l l e d  by t h e  fo l l ow ing  symbols: 

NW, NWS, NZ, NR, NRS, NX, NXS, NI ,  NIT, NT, LL. They a r e  def ined as 

fo l  lows: 

NW = Tota l  number o f  r a d i a l  g r i d s  i n  t h e  gas 

NWS = Tota number o f  r a d i a l  g r i d s  i n  t h e  sol 

NZ = Tota number of a x i a l  g r i ds ;  

NR = G r i d  p o s i t i o n  i n  t h e  gas phase when rad  

NRS = G r i d  p o s i t i o n  i n  t h e  sol i d  phase when r 
changed; 

phase; 

d phase; 

a l  g r i d  s i z e  i s  changed; 

d i a l  g r i d  s i z e  i s  

NX = Ra t io  o f  r a d i a l  g r i d  s i zes  f o r  t h e  two uni form regions i n  t h e  
gas phase, DELRI/DELR2; 

NXS = Ra t io  of r a d i a l  g r i d  s i zes  f o r  t h e  two reg ions i n  t h e  s o l i d  
phase, DELRS2/DELRSI ; 

N I  = Number of chemical species present i n  t h e  gas phase; 

NIT = Number of i t e r a t i o n s  al lowed i n  any t ime  step; 

NT = Tota l  number of t ime-step c a l c u l a t i o n s  f o r  any p a r t i c u l a r  run; 

LL = Number o f  t ime-step c a l c u l a t i o n s  be fore  ca l cu la ted  values o f  
a l l  t h e  dependent va r iab les  a r e  p r i n t e d  ou t .  

I n  t h i s  program, t h e  maximum values f o r  NW, NWS, NZ and N I  a re  20, 15, 

I O  and 3 respec t ive ly .  The general g r i d  layout  i s  f i x e d  by ass ign ing 

proper values t o  t h e  f i r s t  seven numbers: NW, NWS, NZ, NR, NRS, NX, 

NXS. Gr id  spacing i n  t h e  a x i a l  d i r e c t i o n  i s  uniform. However, t h e  
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f o l l o w i n g  o p t i o n s  a r e  a v a i l a b l e  for  g r i d  spacing i n  t h e  r a d i a l  d i r e c t i o n :  

(a )  NR 1 NW : Uniform r a d i a l  g r i d  spacing i n  t h e  gas phase; 

(b )  NR < NW : Two regions of un i form r a d i a l  g r i d  spacing i n  

t h e  gas phase; 

> 
(c)  NRS - NWS: Uni form r a d i a l  g r i d  spacing i n  t h e  s o l i d  phase; 

(d )  NRS < NWS: Two regions o f  un i form r a d i a l  g r i d  spacing i n  

t h e  sol i d  phase. 

Opt ions (b )  and (d )  a l l o w  t h e  use of f i n e r  r a d i a l  g r i d  spacing i n  t h e  

v i c i n i t y  of  t h e  gas-so l id  in te r face .  When o p t i o n s  (b )  and ( d >  a r e  

employed, NX and NXS d e f i n e  t h e  r e l a t i o n s h i p  between t h e  r a d i a l  g r i d  

spacing i n  t h e  gas phase and t h e  s o l i d  phase respec t ive ly .  A sketch 

i s  drawn as shown i n  F igure  B. I t o  i l l u s t r a t e  the  i n t e r r e l a t i o n s h i p  

between these f i r s t  seven numbers when o p t i o n s  (b )  and (d )  a r e  used i n  

t h e  general g r i d  layout. For cont inued run, t h e  f i r s t  e i g h t  numbers 

should be t h e  same as  t h e  i n i t i a l  run. The l a s t  t h r e e  numbers, NIT, 

NT and LL, can be v a r i e d  f o r  any p a r t i c u l a r  run. However, i f  LL shou 

be grea ter  than NT i n  any run, c a l c u l a t e d  values o f  t h e  dependent var  

w i l l  n o t  be p r i n t e d  out .  

2. The second input  card c o n s i s t s  of 7 numbers punched according t o  t h e  

format (6FIO,O,E10.0). These numbers a r e  c a l l e d  by t h e  f o l  lowing 

symbols: DELRS, DELZ, DELT, 

as follows: 

DELRS = Dimensionless r a d i a  

DELZ = Dimensionless a x i a l  

DELT = Dimensionless t ime 

d 

ab les  

AE, AMAX, TIME, and AMIN. They a r e  def ined 

n t h e  sol i d  phase; g r i d  spacing 

g r i d  spac i ng; 

nc rement ; 
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Figure 8. I General Grid Layout 
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AE = Allowed t o t a l  r e l a t i v e  e r r o r s  f o r  any of t h e  dependent va r iab les  
i n  any t ime  step; 

AMAX = Maximum al lowed d i f f e r e n c e  between ca lcu la ted  and guess values 
of  any of the  dependent va r iab les  a t  any g r i d  po in t ;  

TIME = Tota l  t ime  elapsed, sec.; 

AMlN = Allowed minimum absolute value. 

Since t h e  c u r r e n t  model assumes a constant  rad ius  f o r  t h e  combustion 

chamber, t h e  s i z e  for t h e  dimensionless r a d i a l  g r i d  spacing i n  t h e  gas 

phase, DELR, can be ca l cu la ted  when values have been assigned t o  NW, 

NR and NX. For NR 2 NW: 

I DELR = NW - I ’  

For NR < NW: 

I 
DELR2 = NW - NR + I + NXtNR - 2)  ’ 

and 

DELRI = (NX) (DELRZ), 

where DELRI and DELR2 a r e  t h e  corresponding values f o r  DELR i n  reg ions 

I and 2 i n  t h e  gas phase respec t ive ly .  The dimensionless r a d i a l  g r i d  

spacing i n  t h e  s o l i d  phase i s  read i n  as t h e  f i r s t  number i n  t h i s  

i npu t  card. For NRS L NWS: DELRSI = DELRS2 = DELRS. For NRS < NWS: 

DELRSI = DELRS and DELRS2 = (NXS)(DELRS) where DELRSI and DELRSZ a re  

t h e  corresponding values for DELRS i n  reg ions I and 2 i n  t h e  s o l i d  



I37 

3. 

phase respec t ive ly .  

f o r  DELT i s  assigned as a negat ive in teger  power o f  two. Th is  negat ive 

in teger  va lue i s  read i n  as DELT and the  program w i l l  be reassigned 

a va lue f o r  DELT as fo l l ows :  

In  o rder  t o  e l im ina te  round-off e r ro r ,  t h e  value 

DELT DELT = (2.0) 

For i n i t i a l  run, a va lue of 0.0 i s  assigned t o  TIME; f o r  cont inued 

run, any va lue o t h e r  than 0.0 i s  assigned t o  TIME. 

run, t h e  values assigned t o  DELRS, DELZ, AE, AMAX and A M l N  should be 

i d e n t i c a l  w i t h  those o f  t h e  corresponding i n i t i a l  run. 

For cont inued 

The t h i r d  input  card cons is t s  o f  I O  numbers punched according t o  t h e  

format (IOF8.0). These numbers a r e  c a l l e d  by the  f o l l o w i n g  symbols: 

RO, VO, TO, D E N ,  AMUO, DO, WO, ALAMO, CPO, and FG. They a re  def ined 

as fo l l ows :  

RO = C h a r a c t e r i s t i c  radius,  ft; 

VO = C h a r a c t e r i s t i c  v e l o c i t y  i n  gas phase, f t /sec;  

TO = C h a r a c t e r i s t i c  temperature i n  gas phase, OR;  

DEN0 = Character 

AMUO = Character 

DO = Character 

WO = Character 

s t i c  dens i t y  i n  gas phase, Ibm/cu.f t ;  

s t i c  v i s c o s i t y  i n  gas phase, Ibm/f t /sec;  

s t i c  b inary  d i f f u s i o n  c o e f f i c i e n t ,  sq. f t / sec ;  

s t i c  species product ion ra te ,  I bm/cu.ft/sec; 

ALAMO = C h a r a c t e r i s t i c  thermal c o n d u c t i v i t y  i n  gas phase, Btu/hr/ft/ 'R; 

CPO = C h a r a c t e r i s t i c  s p e c i f i c  heat per u n i t  mass a t  constant  pressure, 
Btu/ I bm; 

PG = Imposed favorab le  downstream pressure gradient ,  p s f / f t  
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These I O  numbers a r e  the  c h a r a c t e r i s t i c  values i n  t h e  gas phase. The 

r a d i u s  o f  t h e  combustion chamber i s  normal ly  chosen f o r  RO. 

a t  t h e  center  of t h e  combustion chamber a r e  convenient ly  selected f o r  

VO, TO, DENO, AMUO, DO, ALAMO and CPO. For continued run, t h i s  inpu t  

card  should have t h e  same values as t h a t  f o r  t h e  corresponding i n i t i a l  

run. 

Values 

4. The f o u r t h  input  card cons is t s  o f  I O  numbers punched according t o  t h e  

format (IOF8.0). These numbers a r e  c a l l e d  by t h e  f o l l o w i n g  symbols: 

ANUI, ANU2, ANlJ3, TC, RAI, RA2, CE, SF, FLL and FLU. They a r e  def ined 

as fo l lows:  

ANU I 

ANU2 

ANU3 

TC 

RA I 

RA2 

CE 

SF 

FLL 

F LU 

= Sto icheiometr ic  c o e f f i c i e n t  o f  o x i d i z e r ;  

= Sto icheiometr ic  c o e f f i c i e n t  o f  f ue l ;  

= Sto icheiometr ic  c o e f f i c i e n t  o f  product; 

= Minimum temperature f o r  combustion t o  take  place; 

= Molecular rad ius  o f  o x i d i z e r ;  

= Molecular rad ius  of  fue l ;  

= A c t i v a t i o n  energy, Kcal/g-mole; 

= S t e r i c  Factor;  

= lower f lammabi I i t y  I i m i t ;  

= Upper f l a m a b i l  i t y  I i m i t .  

These a re  combustion data f o r  chemical r e a c t i o n  o f  t he  form: 

Ox id izer  + Fuel + Product. 

for cont inued run. 

These numbers should no t  be changed 
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format (6F8.0). These numbers a r e  c a l  

DENSO, TSO, ALAMSO, CSO, RRO and TSC. 

DENSO = C h a r a c t e r i s t i c  d e n s i t y  i n  sol 

TSO = C h a r a c t e r i s t i c  temperature i n  

5. The f i f t h  i n p u t  card c o n s i s t s  of 6 numbers punched according t o  t h e  

ed by t h e  f o l  lowing symbols: 

They a r e  def ined a s  f o l  lows: 

d phase, Ibm/cu.ft ;  

sol i d  phase, OR; 

ALAMSO = C h a r a c t e r i s t i c  thermal c o n d u c t i v i t y  i n  sol i d  phase, Btu/hr/ft/OR; 

CSO = C h a r a c t e r i s t i c  s p e c i f i c  heat per u n i t  mass i n  sol i d  phase, 
Btu/ I bm/ OR; 

RRO = C h a r a c t e r i s t i c  regress ion r a t e  of sol i d  surface, f t /sec;  

TSC = Minimum temperature for  t h e  f u e l  t o  vaporize, O R .  

The f i r s t  f i v e  numbers a r e  t h e  c h a r a c t e r i s t i c  values i n  t h e  s o l i d  phase. 

T h i s  card should remain unchanged for  cont inued run. 

6. The number of i n p u t  card t h a t  f o l l o w s  i s  NI. NI has a minimum value 

of 3. Each o f  these i n p u t  cards  c o n s i s t s  o f  8 numbers punched 

according t o  t h e  format (3FIO.O,E10.0,4F10.0). These numbers a r e  

c a l l e d  by t h e  f o l l o w i n g  symbols: 

HSL(I), HLG(I), HIO(1) and TBP ( I ) ,  where I i s  I for  t h e  f i r s t  card, 

2 for  t h e  second card and N I  for  t h e  l a s t  card. They are  def ined as 

fol lows: 

AMI(1) 

C A I ( 1 )  

CBI(1) 

A M I C I ) ,  C A I ( I ) ,  CBI(I1, CCI(I), 

= Molecular weight o f  species I ,  Ibm/mole; 

= Constant, ai, for t h e  eva lua t ion  of Cpi, Btu/lbm; 

= Constant, bi, for t h e  eva iua t ion  of C p i ,  Btu/lb,/OR; 

C C I ( 1 )  

HSL(1) 

HLG(1) 

= Constant, c., for t h e  eva lua t ion  of Cpi, Btu/lbm/'R; 

= Heat of f u s i o n  o f  species I, Btu/lbm; 

= Heat of vapor iza t ion  of species I, Btu/lbm; 

I 
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7 .  

H I O ( 1 )  

TBP(1) = B o i l i n g  p o i n t  of species I, O R .  

For t h e  sake of consistency, t h e  f i r s t ,  second and t h i r d  o f  these N I  

cards should c o n t a i n  values corresponding t o  t h a t  o f  t h e  o x i d i z e r ,  t h e  

f u e l  and t h e  product respec t ive ly .  The values f o r  any a d d i t i o n a l  

chemical species a r e  then s tored i n  t h e  remaining input  cards. These 

cards should s tay  t h e  same f o r  cont inued run. 

= Heat of format ion o f  species I, Btu/lbm; 

For i n i t i a l  run, t h e  i n i t i a l  values f o r  t h e  f o l l o w i n g  dependent v a r i a b l e s  

a r e  read from card  input :  

VR = Dimensionless r a d i a l  v e l o c i t y  a t  a l  
phase a t  any t ime level ,  L, and t h e  
a t  t h e  nex t  t ime level ,  L + I ;  

T = Dimensionless temperature a t  a l l  g r  
a t  any t ime level ,  L, and t h e  c o r r e  
t h e  next  t ime level ,  L + I; 

g r i d  p o i n t s  i n  t h e  gas 
corresponding guess values 

d p o i n t s  i n  t h e  gas phase 
ponding guess values a t  

TS = Dimensionless temperature a t  a l l  g r i d  p o i n t s  i n  t h e  s o l i d  phase 
a t  any t ime level ,  L, and t h e  corresponding guess values a t  t h e  
next  t ime leve l ,  L + I; 

YII = Mass f r a c t i o n  of NI chemical species a t  a l l  g r i d  p o i n  
gas phase a t  any t i m e  level ,  L. 

Since t h e  dimensionless r a d i a l  v e l o c i t y  i s  u s u a l l y  r e l a t i v e  

i n  magnitude, it i s  convenient t o  express t h e  dimensionless 

s i n  t h e  

y sma I I 

rad  ia  I 

v e l o c i t y  a t  any g r i d  p o i n t  a s  a f r a c t i o n  o f  t h e  corresponding va lue 

a t  t h e  gas-so l id  in te r face .  These scaled values a r e  read i n  and t h e  

program reassigns t h e  c o r r e c t  values f o r  t h e  r a d i a l  v e l o c i t y  a t  a l  I 

g r i d  po in ts .  The s t o r i n g  sequence and format a r e  as fo l  lows: 

READ(5,61 1 ( ( V R ( I  ,M,N), N = I ,  NZ), M = I ,  NW) 

READ(5,61 1 ( ( T ( I  ,M,N), N = I ,  NZ), M = I ,  NW) 
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READ(5,61) ( (TS( I ,  MS,N) = I, NZ), MS = I ,  NWS) 

READ(5,61) ( ( ( Y I l ( I , M , N ) ,  N = I, NZ), M = I, NW), 1 = I, N I )  

61 FORMAT(IOF8.0) 

where, 

M i s  t h e  r a d i a l  g r i d  number i n  t h e  gas phase; 

MS i s  t h e  r a d i a l  g r i d  number i n  t h e  s o l i d  phase; 

N i s  t h e  a x i a l  g r i d  number. 

For cont inued run, these input  cards should be remved. Da ta  stored 

on magnetic tape from t h e  prev ious run a r e  read i n  from tape 22. 

arrangement of these input  cards i s  best  i l l u s t r a t e d  i n  t h e  next  

a r t i c l e  on sample input.  

The 
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E. Output o f  Program HETCOMB 

The ou tpu t  o f  program HETCOMB c o n s i s t s  of  p r i n t e d  output,  punched card 

ou tpu t  and magnetic tape output .  

l a t e r  rearranged as input  for  program PLOT. 

be saved as input  f o r  t h e  next  cont inued run. The sequence of  t h e  p r i n t e d  

ou tpu t  i s  as fo l lows:  

The punched card ou tpu t  can be saved and 

The magnetic tape ou tpu t  should 

1 .  

2. 

3 .  

4. 

5 .  

The input  values for  t h e  f o l l o w i n g  symbols a r e  p r i n t e d  f i r s t :  NW, 

NWS, NZ, NT, N, NT, NR, NRS, NX, NXS, DELR, DELRS, DELZ, DELT, AE, 

AMIN, AMAX. The c h a r a c t e r i s t i c  values and constant  i n  t h e  s o l i d  phase, 

DENSO, TSO, ALAMSO, CSO, RRO and TSC, a r e  then pr in ted .  

The c h a r a c t e r i s t i c  values and constants  i n  t h e  gas phase, RO, VO, TO, 

DENO, AMUO, DO, WO, ALAMO, CPO, E, AMI (11 ,  C A I ( I ) ,  C B I ( I 1 ,  C C I ( I 1 ,  

H S L ( I ) ,  HLG( I1 ,  H I O ( I 1  and TBP(I),  a r e  p r i n t e d  f i r s t  on t h e  second 

page. Then, t h e  combustion data, ANUI, ANU2, ANU3, SF, FLL, FLU, 

RAI  , RA2 and CE, a r e  p r in ted .  

On t h e  t h i r d  page, t h e  dimensionless group, RE, SC, PR, EC, DAM, 

DFURSI, DFURAZ, DFURA3,, DFURA4, DFURA5, DENRA, VRA, TRA and ALAMRA 

a r e  def ined and t h e i r  c a l c u l a t e d  values a r e  p r i n t e d .  

The var iab les,  DEN, VR, VZ, T, TS, Y I I ,  P, AMU, ALAM, CP, 011, W I I ,  

C P I I ,  C I I ,  DENS, ALAMS, CR, RR and HSGI a t  t i m e  step, L = I ,  a r e  

converted to t h e i r  appropr ia te  dimension u n i t s  and p r i n t e d  i n  t h e  

form o f  tab1 es. 

Values for  t h e  dependent 

every o t h e r  LL t i m e  step 

u n i t s  i n  t h e  form o f  t a b  

var iab les ,  DEN, VR, 'TZ, T, TS and Y I I ,  a t  

a r e  p r i n t e d  i n  t h e  appropr ia te  dimension 

es. I n  each o f  these tab les,  t h e  t ime step 
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number, L, t h e  number o f  i t e r a t i o n s  taken, IT, and t h e  t o t a l  t ime 

elapsed, TIME, a r e  a l s o  spec i f ied .  

There a r e  two poss ib le  ways f o r  t h i s  program t o  terminate.  

t h e r e  a r e  two poss ib le  te rmina te  p r i n t  o u t s  as fo l lows:  

(a )  

6.  Hence, 

I f  t h e  convergence c r i t e r i a  a r e  no t  met a t  end o f  NIT i t e r a t i o n s  

dur ing  any t i m e  step, t h e  program terminates w i t h  t h e  statement, 

"TERM INATE PROGRAM AT END OF NIT ITERATIONS" and va I ues for K, 

M, N, MS and AD a r e  p r i n t e d  out .  

(b )  I f  t h e  s p e c i f i e d  j o b  i s  completed, t h e  program terminates w i t h  t h e  

statement, "TERMINATE PROGRAM AT END OF NT TIME STEPS". 
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G .  Storage Requirement and Time L i m i t  

The storage requ i rement f o r  t h  i s computer program depends p r  i m a r  i I y 

on t h e  dimensions spec i f i ed  for  t h e  dimensioned va r iab les  i n  t h e  DIMENSION 

and COMMON statements. For t h e  p a r t i c u l a r  case as shown i n  Section B-H, 

where t h e  maximum values f o r  NW, NWS, NZ and N I  a r e  20, 15, 10 and 3 res- 

pec t ive ly ,  t h e  storage requirement f o r  both compi la t ion  and execution i s  

I20K(octal 1. I f  a l  I t h e  dimensions spec i f i ed  as 20 i n  t h e  DIMENSION and 

COMMON statements a r e  replaced by a value equal t o  40, i .e . ,  a maximum 

va I ue o f  40 i s a I lowed f o r  NW, t h e  storage requ irement i s  I50K(octa I 1. 

I f  a l l  t h e  dimensions spec i f i ed  as I O  i n  t h e  DIMENSION and COMMON s ta te -  

ments a r e  replaced by a va lue equal t o  20, i.e., a maximum value o f  20 i s  

a I lowed f o r  NZ, t h e  storage requ i rement i s I GOK(octa I 1. 

The c a l c u l a t i o n  t ime requ i red  per t ime step depends main ly  on t h e  

number o f  i t e r a t i o n s  necessary f o r  convergence i n  a t ime step. This, i n  

turn,  depends on t h e  va lue spec i f i ed  f o r  t h e  t ime  increment, DELT, and the  

convergence c r i t e r i a  used, namely, values f o r  AE and AMAX. I n  general, 

more i t e r a t i o n s  a r e  requ i red  a t  t h e  s t a r t  o f  t h e  t r a n s i e n t  c a l c u l a t i o n  

and as the  s o l u t i o n  tends towards t h e  steady s t a t e  condi t ions,  fewer 

i t e r a t i o n s  a r e  necessary. 

B.B, t h e  ac tua l  running t ime per 1000 t ime  steps va r ies  from 20 t o  40 

minutes corresponding t o  2 to 4 i t e r a t i o n s  per t ime step. The t o t a l  t ime 

necessary for t h e  t r a n s i e n t  s o l u t i o n  t o  reach t h e  steady s t a t e  cond i t i ons  

i s  approximately tw ice  t h e  t ime requ i red  f o r  t he  o x i d  zer a t  t h e  i n l e t  

t o  reach t h e  e x i t .  For t h e  p a r t i c u l a r  case as spec i f  ed i n  Sect ion B.B, 

a t o t a l  of 3000 t ime steps a r e  necessary t o  reach the  steady s t a t e  

For t h e  p a r t i c u l a r  case as spec i f i ed  i n  Section 
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i 
2 conditions and approximately I -hours of  actual running time on the  

CDC6600 computer are required. 
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APPENDIX C 

PROGRAM PLOT 

Th is  computer program u t i l i z e s  t h e  punched card ou tpu t  from computer 

program HETCOMB t o  d i sp lay  t h e  computed r e s u l t s  through t h e  use o f  Calcomp 

p l o t t e r  as shown i n  t h e  f i g u r e s  o f  Chapter V I I .  Ax ia l  p r o f i l e s  of density, 

r a d i a l  ve loc i t y ,  a x i a l  ve loc i t y ,  temperature i n  gas phase, mass f r a c t i o n  

o f  oxygen, mass f r a c t i o n  of aluminum, mass f r a c t i o n  o f  aluminum ox ide  and 

temperature i n  s o l i d  phase a r e  p lo t ted .  Three types o f  data can be used 

f o r  p l o t t t i n g .  They are: (a )  i n i t i a l  p r o f i l e s ,  (b )  p r o f i l e s  a t  any 

i n s t a n t  o f  time, and, (c)  p r o f i l e s  a t  any a x i a l  pos i t i on .  

The f i r s t  two inpu t  cards determines t h e  t ype  o f  data t o  be p lo t ted .  

The f i r s t  i npu t  card cons is t s  o f  seven numbers punched acccrd ing to  t h e  

format (7F8.0). They a r e  i d e n t i f i e d  by t h e  fo l l ow ing  symbols: DELZ, 

DELRS, TO VO, DENO, TSO and TIME1 . The f i r s t  s i x  symbol s have the  same 

meaning as t h a t  i n  computer program HETCOMB. TIME1 i s  def ined e i t h e r  as 

t h e  ac tua l  t ime  i n  seconds o r  t he  t ime increment i n  seconds between successive 

curves i n  a p l o t .  

The second input  card cons is t s  of 15 numbers punched according t o  

t h e  format (1514). They a r e  c a l l e d  by t h e  f o l l o w i n g  symbols: NW, NWS, 

NR, NRS, NX, NXS, NZI, NZ, ND, NP, NMAX, MAXS,  NSET, J and I. The f i r s t  

s i x  symbols have t h e  same meaning as t h a t  i n  computer program HETCOMB. 

The remaining symbols a r e  def ined as fo l lows:  

NZI = F i r s t  a x i a l  g r i d  number; 

NZ = Last a x i a l  g r i d  number; 
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ND 

NP = Number of curves i n  each p l o t ;  

WAX = Number of r a d i a l  g r i d  p o i n t s  i n  t h e  gas phase t o  be p lo t ted ;  

= D i f f e rence  between successive a x i a l  g r i d  number t o  be p lo t ted ;  

NMAXS = Number of r a d i a l  g r i d  p o i n t s  i n  t h e  s o l i d  phase t o  be p lo t ted ;  

NSET = Number of sets  t o  be p lo t ted ;  

J = I for p l o t t i n g  p r o f i l e s  a t  any i n s t a n t  o f  time; any number 
o the r  than I for  p l o t t i n g  p r o f i l e s  a t  any a x i a l  pos i t i on ;  

I = 0 f o r  p l o t t i n g  data on ly ;  any number o the r  than 0 f o r  p l o t t i n g  
data and f i t t e d  curves. 

The curve f i t t i n g  subroutine employs a th i rd-degree na tura l  s p l i n e  

' f u n c t i o n  t o  i n t e r p o l a t e  the  g iven data p o i n t s  based on a modi f ied vers ion  

of  a program I i s t i n g  repor ted by Grev i I I e. 

A l i s t i n g  o f  computer program PLOT i s  shown as fo l lows:  

lGrev i I I e, T. N. E. , "Sp I i ne Functions, I nterpo I a t  ion , and Numer ica I 
Quadrature," Mathematical Methods f o r  D i g i t a l  Computers, Vol. I I ,  eds. 
Anthony Ra l  s ton and Herbert S. W i  I f  (New York, John W i  I ey and Sons, 1967) , 
pp. 156-68. 
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APPENDIX D 

TABULATED RESULTS OF A L L  THE DEPENDENT VARIABLES 

With 2.0 and 1.0 as t h e  modi f ied values f o r  t he  reac t i on  orders  o f  

aluminum and oxygen respect ive ly ,  numerical c a l c u l a t i o n s  f o r  t h e  simple 

case as described i n  Chapter V I  have been performed. The computer r e s u l t s  

f o r  a l  I t h e  dependent va r iab les  a t  t 2 0.003, 0.006 and 0.009 seconds a re  

tabu la ted  as shown i n  t h e  f o l l o w i n g  tab les.  Selected data a r e  p l o t t e d  i n  

f i g u r e s  i n  Chapter V I  I .  
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Tab le  0-1.1 - 0-1.8 Computed R e s u l t s  f o r  A l l  t h e  Dependent V a r i a b l e s  

a t  t = 0.003 Sec w i t h  M o d i f i e d  Values for t h e  

React i o n  Orders 
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Table D-2.1 - D-2.8 Computed R e s u l t s  f o r  A l l  t h e  Dependeqt V a r i a b l e s  

a t  t = 0.006 Sec- w i t h  Mod i f ied  Values f o r  t h e  

React ion  Orders 
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Table 0-3. I - D-3.8 Computed Resul ts  for  A I  I the  Dependnnt Var iab les 

a t  t = 0.009 See w i t h  Modi f ied Values for t h e  

React ion Orders 
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